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ABSTRACT
Single mode semiconductor laser diodes have many applications in opti-
cal communications, metrology and sensing. Edge-emitting single mode
lasers commonly use distributed feedback structures, or narrowband reec-
tors such as distributed Bragg reectors (DBRs) and sampled grating dis-
tributed Bragg reectors (SGDBRs). Compact, narrowband reectors with
high reectivities are of interest to replace the commonly used DBRs and
SGDBRs. This thesis presents our work on the simulation, design, fabrica-
tion, and characterization of devices operating based on the coupling of de-
generate modes of a microring resonator, and investigation of the possibility
of using them for improving the performance of laser diodes. In particu-
lar, we demonstrate a new type of compact, narrowband, on-chip reector
realized by selectively coupling degenerate modes of a microring resonator.
For the simulation and design of reective microring resonators, a fast and
accurate analysis method is required. Conventional numerical methods for
solving Maxwell's equations such as the nite dierence time domain and the
nite element method (FEM) provide accurate results but are computation-
ally intense and are not suitable for the design of large 3D structures. We
formulated a set of coupled mode equations that, combined with 2D FEM
simulations, can provide a fast and accurate tool for the modeling and design
of reective microrings.
We developed fabrication processing recipes and fabricated passive reec-
tive microrings on silicon substrates with a Si3N4 core and SiO2 cladding.
Narrowband single wavelength reectors were realized which are 70 times
smaller than a conventional DBR with the same bandwidth. Compared to
the conventional DBR, they have faster roll-o, and no side modes. The
smaller footprint saves real estate, reduces tuning power and makes these
devices attractive as in-line mirrors for low threshold narrow linewidth laser
diodes.
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Self-heating caused by material absorption changes the temperature and
material refractive indices. The change in the refractive indices of the core
and cladding of a reective microring changes its reection peak wavelength
and the phase of its reectivity. Therefore, uctuations in the laser power
lead to uctuations in the phase of the reectivity of the reective micror-
ing and can aect the laser linewidth. We theoretically and experimentally
studied the dynamics of self-heating in microring resonators and showed that
the thermal dynamics can be modeled by a transfer function with two poles
and one zero. A small signal model for reection and transmission of a re-
ective microring was also derived and was validated by comparing it to
measurement data.
To predict the characteristics of a semiconductor laser with a reective
microring mirror, we derived the small signal rate equations. These rate
equations predict that the laser will be stable when it operates at moderate
output powers on the long wavelength side of the reection peak of a nar-
rowband microring reector. The modications of the laser's chirp response
and linewidth due to the self-heating eect are also presented.
Monolithic fabrication of passive mirrors and gain sections requires an
integration platform that provides both active and passive waveguides. We
propose a new integration platform which does not involve epilayer regrowth
and keeps the connement factor relatively high in the active sections. Our
epilayer design, fabrication process, and characterization results of lasers with
passive reectors fabricated using this platform are presented.
Microring resonators by themselves can be used as laser cavities. One of the
main issues with their application as a laser cavity is their mode spectra; they
have closely spaced modes with very similar quality factors. Furthermore,
at each resonant wavelength there are two degenerate modes with the same
quality factor. We introduce a novel method to engineer the quality factors of
microring modes by coupling two counterpropagating modes together using
a second order grating. We present evidence of lasing mode selectivity in a
microring laser using this technique.
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CHAPTER 1
INTRODUCTION
1.1 Basics of Microring Resonators
Optical ring resonators are a class of traveling wave optical resonators cre-
ated by bending an optical waveguide in the form of a circular ring shape. By
using high contrast waveguides, the bending radius can be as small as a few
micrometers while still keeping the resonator's quality factor (Q) large (usu-
ally about 105 to 106). Other variations of these resonators include microdisk
and race-track resonators. Microring resonators are attractive for the imple-
mentation of various photonic devices due to their potentially large Q and
small sizes. They have been used as the building blocks of integrated optical
lters [1], switches [2], modulators [3], logic gates [4], memory devices [5],
delay lines [6], sensors [7], and laser cavities [8]. In these applications, the
microring resonators have been used in dierent congurations such as a
single microring with one bus waveguide, coupled microring resonators, and
microrings with multiple bus waveguides.
A microring resonator has a set of resonant modes with equally spaced
resonant frequencies. The quality factor of one of the resonant modes of a
microring made of a smooth waveguide with no reection loss is related to
the waveguide propagation loss as
Q =
20log(e)ng  104
w
= 2:73 105 ng
w
: (1.1)
In (1.1) w is the waveguide's propagation loss in dB/cm and ng is the
group index of the waveguide. The wavelength () should be entered in
units of m.
There are three main causes of optical loss in open optical resonators: the
decoupling (or loading) loss caused by decoupling of power to the bus waveg-
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uide, the material absorption loss, and the scattering loss. The scattering loss
is caused by fabrication imperfections such as etching roughness. The light
can be either scattered into radiation modes or the other resonant modes of
the resonator. Therefore the scattering loss has two portions. The scattering
into other resonant modes is more prominent when there are modes with
the same resonant frequencies (degenerate modes). Rotationally symmetric
traveling wave resonators have at least two degenerate resonant modes at
each resonant wavelength, which propagate in opposite directions. When
a single bus waveguide is coupled to the resonator, the power scattered to
the degenerate counterpropagating mode can decouple to the bus waveguide
and cause reection. Therefore, we can recognize four loss mechanisms in
microring resonators: the decoupling loss (Pl), the material absorption loss
(Pm), the radiation loss (Pr), and the reection loss (Pre). Each of these
loss mechanisms can have its own quality factor and the total quality factor
of a mode is given by
1
Q
=
1
Ql
+
1
Qm
+
1
Qr
+
1
Qre
: (1.2)
1.2 Reective Microring Resonators
Reective devices based on coupling of multiple ring resonators have been
analytically studied [6, 9, 10] and experimentally demonstrated [11]. Here,
we are interested in single ring based reective devices. At each resonant
wavelength, an ideal microring resonator supports two degenerate counter-
propagating modes which are uncoupled. However, due to large eld en-
hancement in a high Q ring, even a small perturbation can create strong
coupling between the two modes. Mode coupling causes splitting of the two
degenerate resonant wavelengths [12]. A phenomenological description of the
mode coupling in traveling mode resonators using coupling of modes in time
is presented in [12]. They have also shown that the resonant wavelength
splitting resulting from the coupling is consistent with their experimental
results. Unwanted coupling caused by imperfections in a resonator aects
the performance of microring based photonic devices, and generally is unde-
sirable. The detrimental eect of this mode coupling on the quality factor of
ring resonators [13] and the spectral response of optical lters [14] have been
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Figure 1.1: A microring resonator with an integrated reective element.
The structure can be analyzed by combining the scattering matrices of the
bus coupler, reective element, and the two half-ring waveguides.
investigated previously.
Engineering the coupling between two degenerate modes in a microring
resonator for achieving a desired reection spectrum can be done by adding
a wavelength dependent reective element to the microring [15]. As shown in
Fig. 1.1 a reective element can be integrated with the microring. The reec-
tivity of this added element at each resonant wavelength of the microring sets
the coupling strength between the two degenerate counterpropagating modes
and therefore the total reection of the microring. By using the scattering
parameter analysis, the power amplitudes of the reected and transmitted
waves can be found as [15]
B2 =
c   r (S122c + (S12 + S21)  2c ) ej   2rej2 detS
1  r (S12 + S21) ej   2r 2ej2 detS
A1; (1.3a)
B1 =
 rS222cej
1  r (S12 + S21) cej   2r 2c ej2 detS
A1: (1.3b)
In (1.3), S is the scattering matrix of the added reective element, c and
c are the coupling and transmission coecients of the bus coupler, and r
and  are the microring's round trip amplitude and phase. The bus coupler's
coupling coecient c depends on the gap between the microring and the
bus waveguide and can be chosen such that the transmission of the reective
microring vanishes and most of the input power is reected back (critical
coupling condition). Two special cases are of interest in this thesis:
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Figure 1.2: (a) Transmission and reection spectra of a half ring DBR. (b)
Expanded view of the spectra around the reection peak.
 A reective element that has zero reectivity at all the microring's
resonant wavelengths except for one. Integrating such an element inside
a microring leads to a device with a single reection peak. A nite
length DBR that covers half of the microring's circumference has such
a reection prole and can be used for this goal.
 A wide-band reective element. A wide-band reector such as a =4
long Fabry-Perot inside the microring causes reection at all the reso-
nant wavelengths and can be used for realizing reection combs.
The transmission and reection spectra of a microring resonator with a
DBR covering half of its circumference are shown in Fig. 1.2(a). The reec-
tion spectrum has a peak at one of the microring resonances (Fig. 1.2(b)) and
the zeros of the reectivity of the nite size DBR coincide with the other mi-
croring's resonances and have suppressed the reection at those wavelengths.
1.3 Laser Diodes with Reective Microring Mirrors
Due to their narrow reection bandwidth, reective microring resonators can
be used as mirrors for single mode laser diodes. Reective microrings also
have large reectivity peaks and therefore will decrease the threshold current
density of laser diodes. Figure 1.3 shows two possible congurations for
integrating reective microrings with laser diodes. In Fig. 1.3(a) a passive
single peak reector (a half ring DBR) is used as one of the laser diode's
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Figure 1.3: Two possible congurations of reective microrings with a laser
diode. (a) A single wavelength reector used as one of the lasers mirrors.
(b) Two comb reectors with dierent FSR used for wider tuning of the
laser diode using the Vernier eect.
mirrors and the other mirror is realized using a cleaved facet. The phase
section is used to ne tune the laser wavelength to the longer wavelength
side of the reection peak (see section 1.3.1). The laser wavelength can also
be tuned in a relatively narrow range by temperature tuning of the passive
microring. Figure 1.3(b) shows a schematic of a laser diode with two comb
reectors on both sides. The lasing wavelength is placed at a frequency where
two reection peaks of the two reectors align. The free spectral range (FSR)
of the two reection combs can be dierent and the Vernier eect can be used
to achieve a wider tuning range.
1.3.1 Linewidth of a Reective Cavity Coupled Laser Diode
Coupling of a laser diode to an external reective cavity can modify its
linewidth [16]. Using a reector with amplitude reectivity of r = jr(!)jejr(!)
as one of a laser's mirrors scales the laser's linewidth by a factor of 1=F 2c
 =
0
F 2c
; (1.4)
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Figure 1.4: (a) The phase of the reectivity close to the main reection
peak. (b) The linewidth reduction factor (F 2c ) for an edge emitting laser
diode with a 500 m long gain section and a passive reective microring as
one of its mirrors.
where Fc is given by
Fc = 1 + A+ B: (1.5)
 = dn=d is Henry's linewidth enhancement factor [17] and is the result of
the dependence of the real part of the refractive index of the gain medium
on the carrier density. Because of this dependence, the uctuations in the
laser power can cause phase noise and increase the laser's linewidth. A and
B are related to the slopes of the phase and amplitude of the reectivity and
are given by
A =   1
0
dr
d!
; (1.6a)
B =
1
0
dln(jrj)
d!
: (1.6b)
0 = 2L=vg is the round trip time in the active part of the cavity. Proper
placement of the lasing wavelength can lead to reduction of the laser linewidth.
The phase of the reectivity of the half ring DBR of Fig. 1.2(a) is depicted in
Fig. 1.4(a). The sharp slope of the phase close to the resonant wavelength is
a result of the large cavity Q. The linewidth reduction factor (F 2c ) for an edge
emitting laser diode with 500 m long gain section is shown in Fig. 1.4(b). A
typical value of =5 is assumed for this calculation. Placement of the lasing
wavelength on the longer wavelength side of the resonant peak (by adjust-
ing the injection current of the phase section) can reduce the linewidth by a
factor of about 180. A larger reduction can be achieved by using reective
6
microrings with larger Q.
1.4 Thesis Overview
The main goal of this thesis is to demonstrate devices operating based on
the coupling of degenerate modes of a microring resonator, and to investi-
gate the possibility of using them for improving the performance of laser
diodes. In chapter 2, we present simulation methods developed for the mod-
eling and design of these devices. Chapter 3 contains a description of the
design, fabrication process, and details of the measurement procedures used
for the realization and characterization of passive reective microring res-
onators. Self-heating can couple the laser's power uctuations to the phase
noise and can aect the laser's linewidth. The dynamics of the self-heating
in microrings is discussed in chapter 4. We will also derive a small signal
thermo-optical model for reective microrings in this chapter. In chapter 5,
we use this small signal model to analyze the dynamic eects in a semi-
conductor laser with a reective microring mirror. In particular, we will
nd conditions for stable operation of such a laser, its direct modulation
response, frequency noise, and linewidth. An active{passive monolithic in-
tegration platform for the fabrication of lasers with passive mirrors and the
fabrication and characterization results of lasers fabricated using this plat-
form are presented in chapter 6. In chapter 7, we will discuss how we can
use microring resonators as a laser cavity and utilize the degenerate mode
coupling for modifying their radiation quality factor. Experimental evidence
of engineering the quality factors of a microring resonator's modes by using
a second order grating will also be presented.
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CHAPTER 2
SIMULATION AND DESIGN TOOLS FOR
MODELING REFLECTIVE MICRORINGS
2.1 Introduction
In this chapter, we present our work on the development of simulation tools
for design and analysis of reective microring resonators. In section 2.2, we
present our FEM simulation method which uses the rotational symmetry of
resonators to convert the 3D problem to a 2D problem. We have included
a perfectly matched layer (PML) around the simulation domain to allow for
radiation elds to leave the simulation domain.
Coupled mode analysis is known to be a fast and relatively accurate method
for analysis of coupling among the modes of a waveguide and coupling be-
tween two parallel waveguides [18, 19]. Dierent formulations of coupled
mode theory for straight waveguides are reported in the literature [18,20{23].
In section 2.3, we formulate a cylindrical coordinates coupled mode analy-
sis for modeling the coupling between two degenerate modes of a traveling
wave resonator with rotational symmetry. We derive the coupling equations
in cylindrical coordinates using an approach similar to the one described
in [18]. For verication of our coupled mode formulation, in section 2.4, we
consider a bus waveguide coupled microring resonator with an integrated
distributed Bragg reector as an example and nd its reection spectrum.
The results found by solving the coupling equations are compared to the 2D
FEM simulation results for the same structure. The solution of the cou-
pled mode equations for a special case of small perturbations is presented in
section 2.5. A closed form solution for the scattering parameters of a rota-
tionally symmetric resonator with small perturbations is derived. A method
based on energy amplitudes and coupling of modes in time is presented in
section 2.6. This method only considers two resonances of the reective rings
and provides a closed form solution that can be t to measured data.
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2.2 Resonances of Rotationally Symmetric Resonators
Simulation of a large three-dimensional structure using the FEM is time and
memory consuming. However, for nding resonant modes of rotationally
symmetric resonators, the rotational symmetry can be exploited to decrease
the computational complexity signicantly. Resonant modes of a rotation-
ally symmetric resonator have  dependence in the form of ejm (m is the
azimuthal mode order and is an integer) [24]. Assuming ejm dependence,
the equations (which only depend on r and z) governing the elds can be
derived from Maxwell's equations. Thus, for a given m, resonant modes can
be found using two-dimensional simulations in the (r,z) plane. The details
of the derivation of these equations and their corresponding weak forms are
presented in [25, 26]. The equations given in [25, 26] are valid for ordinary
media and are used for the simulation of closed resonators and resonators
with large radiation quality factors. When the radiation loss of a resonator
is signicant, a PML should surround the simulation domain to prevent re-
ection of the radiated elds back to the simulation domain [27]. For this
reason, we derived the equations for the PML and incorporate them into our
simulations.
The PML in the cylindrical coordinates is introduced in [28] and in the
frequency domain can be regarded as an anisotropic lossy medium with per-
mittivity and permeability tensors given by
 = ; (2.1a)
 = ; (2.1b)
where
 = r^r^(
~r
r
)(
sz
sr
) + ^^(
r
~r
)(szsr) + z^z^(
~r
r
)(
sr
sz
): (2.2a)
In the PML region, sr and sz are complex-valued and spatially dependent
with
sr = r(r)  jr(r)!00 ; (2.3a)
sz = z(z)  jz(z)!00 : (2.3b)
The conductivity  is used to attenuate propagating waves and varies from
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zero at the interface of the ordinary medium and PML to some maximum
value at the edge of the simulation domain. The parameter  provides the
attenuation of evanescent waves and varies from the value of unity at the
interface of the ordinary medium and the PML to some maximum value at
the grid edge [29]. ~r is the stretched-coordinate variable in the r^ direction
and is dened as
~r = rmin +
Z r
rmin
sr(r
0
)dr
0
: (2.4)
For our simulation, we chose linear variation with the spatial coordinates,
that is
r(r) =
r   rmin
rmax   rminr;max; (2.5a)
z(z) =
z   zmin
zmax   zminz;max; (2.5b)
r(r) = 1 +
r   rmin
rmax   rmin (r;max   1); (2.5c)
z(z) = 1 +
z   zmin
zmax   zmin (z;max   1): (2.5d)
Assuming ejm dependence, the equations governing the electric and mag-
netic elds in this anisotropic lossy medium are derived. For solving the
weak form of these equations, we used COMSOL Multiphysics which is a
general purpose FEM solver [30]. For a given azimuthal mode order m, the
equations constitute an eigenvalue problem for complex valued resonant fre-
quency s0 = j!0   . COMSOL solves these equations and nds s0 and
its corresponding eigenvector (eld distribution of the mode). The mode's
quality factor and resonant wavelength are found as
Q =
jsj
2
; (2.6a)
0 =
2c
!0
: (2.6b)
A typical eld distribution found using COMSOL is presented in Fig. 2.1.
The ring's waveguide is a channel waveguide and 3 m trench. The PML
can be seen surrounding the top, bottom, and the right side of the domain.
10
Figure 2.1: Amplitude of the transverse electric eld of a resonant mode of
a microring resonator found using COMSOL.
2.3 Coupled Mode Equations in Cylindrical
Coordinates
We are interested in the coupling between two degenerate modes of a struc-
ture with rotational symmetry. We assume that the coupling is caused by
some small perturbations to the original structure. Our goal is to approxi-
mate the elds in the perturbed structure at a frequency close to the resonant
frequency of the unperturbed structure by a linear combination of the elds
of the two resonant modes of the original structure. To this end, we use a
two-step approach. At rst, we nd the elds of the unperturbed structure
at a frequency of interest, which is close to one of its resonant frequencies, in
terms of its resonant frequency elds. Then we approximate the elds of the
perturbed structure at that frequency by a linear combination of the elds
of the unperturbed structure at the same frequency. Finally, we combine
the results of these two steps to relate the elds of the perturbed structure
at that same frequency to the resonant frequency elds of the unperturbed
structure. This two-step approach was critical to the accuracy of our formu-
lation as our initial direct approximation did not agree with FEM at nearby
frequencies.
Electric and magnetic elds of the perturbed structure are solutions to the
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time domain Maxwell's equations without a source
r E =  0@H
@t
; (2.7a)
rH = 0r @E
@t
; (2.7b)
where r = r0 +r is the dielectric constant of the perturbed structure, r0
is the same quantity for the unperturbed structure and r represents the
perturbation. Assuming time dependence in the form of est where s = j! ,
we obtain the frequency domain equations for the spatial dependence
r E =  s0H; (2.8a)
rH = s0rE: (2.8b)
We represent the elds of the unperturbed structure at the resonant frequency
of s0 = j!0 0 by E(0) andH(0). These elds satisfy the following equations:
r E(0) =  s00H(0); (2.9a)
rH(0) = s00r0E(0): (2.9b)
The elds of the unperturbed structure at the nearby frequency of s = s0+s
satisfy
r E(s) =  (s0 +s)0H(s); (2.10a)
rH(s) = (s0 +s)0r0E(s): (2.10b)
Now we consider r  (H  E(0) + H(0)  E). Using the vector identity
r  (AB) = rA B rB A, we obtain
r  (H E(0) +H(0)  E) = rH  E(0)
 r E(0) H+rH(0)  E r E H(0): (2.11)
We simplify the right hand-side of (2.11) by replacing curls of electrical and
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Figure 2.2: A sector in cylindrical coordinates which is used for integration.
Two shaded surfaces are at  = 0 and  = 0 + and the unshaded
surfaces are referred to as  .
magnetic elds using (2.8) and (2.9), and we nd
r  (H E(0) +H(0)  E) =
(s  20)(0r0E  E(0)

+ 0H H(0))
  2js00Imfr0gE  E(0)

+ s0rE  E(0): (2.12)
Then consider a volume element in the cylindrical coordinates as shown in
Fig. 2.2. We integrate (2.12) over this volume element and get (2.13). Here
0 and 0 + represent two constant  surfaces whose dierential area is
dS = drdz,   denotes the other four surfaces whose dierential area is dS 0,
and V is the volume of the sector shown in Fig. 2.2.
Using a similar procedure, starting from (2.9) and (2.10), we obtain a
relation similar to (2.13) between the elds of the unperturbed structure at
two dierent frequencies. The result is given in (2.14). Note that the nal
term of (2.13) is missing from (2.14) because (2.14) relates the elds of the
unperturbed resonator (i.e. r = 0).
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Z
0+
(H E(0) +H(0)  E)  ^dS  
Z
0
(H E(0) +H(0)  E)  ^dS
+
Z
 
(H E(0) +H(0)  E)  n^dS 0 =
(s  20)
Z
V
(0r0E  E(0)

+ 0H H(0))dV
  2js0
Z
V
0Imfr0gE  E(0)

dV + s
Z
V
0rE  E(0)dV: (2.13)
Z
0+
(H(s)E(0)+H(0)E(s))^dS 
Z
0
(H(s)E(0)+H(0)E(s))^dS
+
Z
 
(H(s)E(0)+H(0) E(s))  n^dS 0 = (2.14)
(s  20)
Z
V
(0r0E
(s)  E(0) + 0H(s) H(0))dV
  2js0
Z
V
0Imfr0gE(s)  E(0)

dV:
If we assume that js
s
j  1, then the cross-sectional eld distribution on
a  = const: surface is approximately the same as the distribution when
s = 0 and we can write the eld at the frequency of s = s0 +s as
E
(s)
 = c()E
(0)
m; (2.15a)
H
(s)
 = c()H
(0)
m; (2.15b)
where the + and   subscript represent the elds propagating in the positive
or negative  directions, respectively. E
(0)
m and H
(0)
m are the elds of the
unperturbed structure, and they have an ejm dependence on . Using
(2.14) in the limit of   0 and the approximate elds given in (2.15),
we nd rst order dierential equations for c() (see Appendix A) whose
solutions are
E
(s)
 = e
sg
!0

E
(0)
m; (2.16a)
H
(s)
 = e
sg
!0

H
(0)
m; (2.16b)
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where g is the unitless normalized group delay of the elds, dened as
g =
!0
4
Z
0
(0r0 jE(0)m j
2
+ 0jH(0)m j
2
)rdS: (2.17)
Here we have assumed that the elds are normalized such that
1
2
Ref
Z
0
(E
(0)
m H(0)m

)  (^)dSg = 1: (2.18)
Now, we consider the elds in the perturbed structure at the frequency of
s = s0+s. The perturbation couples counterclockwise and clockwise prop-
agating elds of the structure to each other. Assuming the perturbation is
small, the elds can be approximated by a linear combination of the uncou-
pled counterclockwise and clockwise propagating elds as
E = b+()E
(s)
+ + b ()E
(s)
  ; (2.19a)
H = b+()H
(s)
+ + b ()H
(s)
  : (2.19b)
Plugging these elds into (2.13) and taking the limit of   0 we nd
dierential equations that b+() and b () satisfy (see Appendix A). If we
dene a() = e
sg
!0

b() we can combine (2.15) and (2.19) and write
E = a+()E
(0)
m + a ()E
(0)
 m; (2.20a)
H = a+()H
(0)
m + a ()H
(0)
 m; (2.20b)
and by use of the denition of a() the coupling equations can be found as"
da+
d
da 
d
#
= [C]
"
a+
a 
#
; (2.21)
where [C] is the coupling matrix given by
[C] =
s
!0(1 + 2)

"
 (s + jm)  sg(1+
2)
s
 ej2m(m + js)
e j2m(m + js) (s + jm) +
sg(1+2)
s
#
:
(2.22)
s, m, and  are unitless parameters that for normalized elds (2.18) are
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given by
s =
!0
4
Z
0
0rjE(0)m j
2
rdS; (2.23)
m =
!0
4
Z
0
0r(jE(0)mt j
2   jE(0)m j
2
)rdS; (2.24)
and
 =
1
2
Imf
Z
0
(E(0)m H(0)m

)  ^dSg: (2.25)
E
(0)
mt and E
(0)
m in (2.24) are the components of E
(0)
m which are parallel and
perpendicular to a  = const: cross section, respectively. s contains the
scalar product of a natural mode with its complex conjugate and leads to a
change in the resonant frequency of the mode because of the perturbation.
m on the other hand contains the scalar product of two originally degen-
erate modes and represents the mutual coupling between them. It should
be noticed that s and m are functions of the azimuthal variable .  is
the imaginary part of the Poynting vector integrated on a  = const: cross
section. For waves that propagate only in the  direction, the Poynting vec-
tor is real. However, open resonators also radiate in the r and z directions
which leads to a nonzero imaginary part of the Poynting vector and nonzero
. Nevertheless,  is small for resonators with large radiation quality factors
and may be ignored. Also, note that s in (2.22) is the complex frequency of
interest, and when the response of the resonator at an angular frequency !
is desired, s should be replaced by j!, that is s = j(!   !0) + 0.
2.4 Validity Verication Example: Mode Coupling for
a Ring Resonator with an Integrated Distributed
Bragg Reector
In this section, we simulate an example structure to verify the validity of
the formulation. We consider a 2D microring resonator with an integrated
DBR. The structure is shown in Fig. 2.3(a) and consists of a microring res-
onator with alternating refractive indices coupled to a bus waveguide. As was
mentioned in section 1.2, the structure exploits the eld enhancement in the
microring resonator to achieve narrowband high reectivity with only a few
pairs of grating periods. Here we simulate the structure with the cylindrical
16
(a) (b)
Figure 2.3: (a) Schematic of the microring resonator with distributed Bragg
reector simulated using the coupled mode analysis and FEM. (b) Magnetic
eld distribution at the main resonant wavelength found using FEM.
coupled mode formulation that was developed in the previous section and 2D
FEM to compare their results. Simulation of large 3D structures using FEM
is time and memory consuming, and for this reason we chose to simulate the
2D structure (i.e. the structure has no variations in the z direction).
The ring resonator that is simulated has inner radius of Rin=5 m and the
ring and bus waveguides are W=220 nm wide with core index of nc=3:4  
j10 5 and cladding index of nclad=1 (i.e. a typical silicon slab core with
air cladding near =1550 nm). The minimum gap distance between the
bus waveguide and the ring is g=540 nm. We assume 11 pairs of grating
periods are created by alternating the waveguide core refractive index from
nc=3:4  j10 5 to np=3:38  j10 5 and are placed symmetrically along the
ring's circumference (as shown in Fig. 2.3(a)).
We used the cylindrical coordinates formulation for nding the scattering
matrix of the grating portion of the ring. Analysis of the structure is per-
formed by combining the scattering matrix of the bus coupler and the matrix
for the whole ring.
The coupling and transmission coecient of the bus coupler (straight
waveguide and the portion of the ring close to the straight waveguide) are
found as a function of wavelength using an FEM simulation to minimize the
error which may be introduced when an approximate method is used. The
coupler is considered as a four port network and its scattering parameters
are calculated. In general, for the three-dimensional case where accurate
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Figure 2.4: Amplitude of the coupling coecient of the bus coupler part of
the structure shown in Fig. 2.3(a) as a function of wavelength. The
coupling coecient amplitude increases almost linearly with wavelength.
numerical simulation of the coupler part is time and memory consuming,
approximate methods such as those explained in [1] and [19] should be used.
The amplitude of the coupling coecient  between the ring and the waveg-
uide as a function of wavelength is shown in Fig. 2.4. From FEM simulation,
it was found that the coupler can be regarded as lossless, because the loss-
less relation (2+  2=1) between the coupling coecient  and transmission
coecient  is satised with excellent accuracy.
For nding the scattering matrix of the grating, the change in the refractive
index of the grating is considered as a perturbation in the ring. The elds of a
ring without the gratings (unperturbed elds) are found analytically [24], and
the characteristic equation for nding the complex resonant frequency s0 of
the ring is solved numerically. The calculated elds and resonant frequencies
along with the perturbation r are used to nd the coupling parameters
given in (2.17), (2.23), (2.24), and (2.25). For the main peak, the values
obtained were g=87:09 j1:8510 4, =8.9610 7 and s= 0:369 j1:09
10 6, m=0:173 j5:1110 7 in the perturbation and otherwise s = m=0.
Then two coupled rst-order equations (2.21) are solved numerically using
the Runge-Kutta method for two the boundary conditions of
"
a+(0)
a (0)
#
=
"
1
0
#
and
"
0
1
#
. The scattering matrix is then computed using these results.
The whole structure is also analyzed using FEM. The reection spectrum
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Figure 2.5: (a) Reectivity spectrum of the device shown in Fig. 2.3(a)
close to the main reection peak. (b) and (c) show the same spectrum near
the two closest peaks to the main peak.
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results found using the cylindrical coordinates coupled mode theory (C3MT)
and FEM are shown in Figs. 2.5(a), 2.5(b), 2.5(c) for the main and the two
adjacent side reection peaks. As can be seen from these gures, the results
from the two methods match perfectly with each other and thus give strong
evidence for the validity of the approximations used in our derivation of the
coupling equations.
The primary benet of our coupled mode formulation is the reduction in
computation time and memory usage. For the two-dimensional structure
presented here, FEM simulation took approximately 2 hours and required
about 5 GB of memory whereas C3MT method took about 5 minutes and
needed less than 100 MB of memory. Although FEM simulation of the cou-
pler for calculation of  took about 15 minutes, using approximate methods
can reduce this time signicantly. In addition, our technique does not suf-
fer from discretization errors. The predicted resonant wavelengths in FEM
shifted by 0.2 nm when the number of elements was increased from 92,144
to 146,932. The FEM results converged to the results of our method, but
only when we increased the number of elements to roughly beyond 400,000.
FEM simulation needs this large number of elements for accurate represen-
tation of the small perturbations caused by the grating and the curvature of
the ring. For larger diameter rings, this xed resolution requirement would
further slow down the FEM simulation.
The advantages of the introduced method over FEM are even more ap-
parent in simulation of three-dimensional structures. FEM simulation of
three-dimensional resonators requires such a large amount of memory that
it was impossible for us to perform the simulation. On the other hand, the
memory requirement and simulation time for the coupled mode simulation
of a three-dimensional structure are almost the same as those for a two-
dimensional one provided that the unperturbed resonant eld at a constant
 plane and the bus-to-ring coupling coecient at each wavelength can both
be eciently computed.
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Figure 2.6: Schematic diagram of a typical whispering gallery mode
resonator (a sphere coupled to a tapered ber). A perturbation in the
resonator (r) causes the coupling of two counterpropagating degenerate
modes. Incident and reected wave amplitudes are also shown in by Ai and
Bi, i = 1; 2, respectively.
2.5 Unwanted Mode Coupling in Rotationally
Symmetric Whispering Gallery Mode Resonators
Another application of the coupled mode formulation of section 2.3 is model-
ing the mode coupling in a general whispering gallery mode resonator caused
by imperfections in fabrication. Sidewall roughness resulted from the etching
in planar resonators such as disk and ring resonators, and irregularities in the
shape and variations in the material refraction index in spheres and toroids
can lead to unwanted coupling between their degenerate resonant modes.
In the case of the unwanted coupling, the r is usually small and the
coupling coecients s and m are much smaller than 1. We consider a
typical whispering gallery mode as shown in Fig. 2.6. The wave amplitudes
at the coupling point to the tapered ber are represented by Ai and Bi,
i=1,2, respectively. We show that when r  1 a perturbative method can
be used to nd a closed form solution for the coupled equations (2.21) and
the scattering parameters of the resonator. To this end, it is easier to write
(2.21) for amplitudes b() as"
db+
d
db 
d
#
= [C']
"
b+
b 
#
; (2.26)
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where [C'] is the coupling matrix for b() and is given by
[C'] =
j!
!0(1 + 2)

"
 (s + jm)  ej2m(m + js)
e j2m(m + js) (s + jm)
#
: (2.27)
Let us assume r = f(r; ; z) where   1 and expand the solutions for
b() in a power series of 
b+() = b
0
+() + b
1
+() + : : : ; (2.28a)
b () = b0 () + b
1
 () + : : : : (2.28b)
Plugging b() from (2.28) into (2.26) and equating coecients of dier-
ent orders of the , we nd that the zeroth order terms are constant (i.e
b0+()=const. and b
0
 ()=const.). The rst order terms can also be found
using integration. Using the results for the rst order terms we nd an
equation for b() as"
b+()  b+( )
b ()  b ( )
#
=
j!
!0
"
 0  2m
2m 0
#"
b+( )
b ()
#
; (2.29)
which is correct up to the rst order in . The coupling coecients 0 and
2m are Fourier components of old coupling coecients and are dened as
0 =
Z 
 
s + jm
1 + 2
d; (2.30)
2m =
Z 
 
m + js
1 + 2
e2jmd: (2.31)
Rearranging terms in (2.29) and expressing b() in terms of the wave
amplitudes at the coupling point which are related to a as
A1 = a+( )ejm; (2.32a)
B1 = a ( )e jm; (2.32b)
A2 = a ()ejm; (2.32c)
B2 = a+()e
 jm; (2.32d)
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we nd a scattering parameters relation among them"
B1
B2
#
= [S]
"
A1
A2
#
: (2.33)
The scattering matrix is given by
[S] =
j!
!0
e
 2(jm+ (j! s0)g
!0
)
"
 2m !0j!   0
!0
j!
  0   2m
#
: (2.34)
The elements of the scattering matrix can be calculated using the statis-
tical distribution of the sidewall roughness or irregularities of the resonator
structure. The scattering matrix relation (2.33) can be combined with the
coupling matrix of the coupler and the overall reection and transmission of
the resonator can be found.
2.6 Time Domain Modeling of Reective Microring
Resonators
Understanding the dynamic response of the reector is critical for meet-
ing functional requirements, especially in tunable applications. Direct large
signal modulation response of the laser also depends on the time domain
response of the microring reector. Time domain dynamics of a system of
coupled lumped resonators can be modeled using time domain coupled mode
theory (TDCMT) [31]. In this method, the eld amplitude of the resonator
i is represented using energy amplitudes ai(t) so that the energy stored in
the resonator is jai(t)j2. The phase of the energy amplitude can be chosen to
be the same as the phase of the electric eld of the resonator. Time domain
coupled mode theory provides a system of linear coupled rst order ordinary
dierential equations which can exactly model the dynamics of such a sys-
tem of lumped resonators. The time domain coupled mode theory can also
be used to model a system of coupled distributed resonators. Distributed
resonators have innite resonant modes and the use of the TDCMT usually
involves using a nite number of them whose resonant frequencies fall inside
the bandwidth of interest. Therefore, TDCMT provides an accurate and fast
model for a system as long as the bandwidth of signals of interest contains
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Figure 2.7: A reective microring resonator with coupled modes. a1 and a2
represent the energy amplitudes of the counterclockwise and clockwise
modes. si are the power amplitudes in the input and output waveguides.
only a few of the resonators' resonant modes. The condition usually holds
in the case of the integrated optics resonators with free spectral range of few
nanometers and signal bandwidth of less than a nanometer.
For the case of a microring resonator with an input signal bandwidth less
than its free spectral range, we only need to consider the two degenerate coun-
terpropagating modes in the signal bandwidth. When there is no coupling
between these two modes, the temporal dynamic of the energy amplitudes of
these modes is given by
da1
dt
= j!0a1   a1

+ s+1 ; (2.35a)
da2
dt
= j!0a2   a2

; (2.35b)
where !0 is the resonant frequency of the modes and s
+
1 represents the power
amplitude of the forward propagating wave in the bus waveguide.  repre-
sents the decay rate of the modes due to material loss, radiation and decou-
pling to the bus waveguide, and  is a coecient expressing the coupling
strength to the bus waveguide. A small perturbation (see Fig. 2.7) to the
ideal microring can couple its two degenerate modes and the TDCMT equa-
tions become
da1
dt
= j!0a1 + jkma2   a1

+ s+1 ; (2.36a)
da2
dt
= j!0a2 + jkma1   a2

; (2.36b)
where m coecient represents the coupling strength of the two modes. The
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transmitted and reected power amplitudes are related to the energy ampli-
tudes of the modes as
s 2 =  s+1 + a1; (2.37a)
s 1 = a2: (2.37b)
Frequency domain steady state values of the mode's energy amplitudes can
also be found from (2.36)
a1 =
 (j(!0   !l)  1 )
(j(!0   !l)  1=)2 + 2m
s+1 ; (2.38a)
a2 =
jm
(j(!0   !l)  1=)2 + 2m
s+1 : (2.38b)
As expected, the frequency domain spectrum has only two poles corre-
sponding the two resonant modes. The general frequency domain response
of a microring resonator with a reective element (as given in 1.3) can be ap-
proximated in a narrow bandwidth around a resonant wavelength and leads
to a similar form of response as (2.38).
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CHAPTER 3
REALIZATION OF PASSIVE REFLECTIVE
MICRORING RESONATORS
In this chapter, we present design, fabrication and experimental results for
passive reective microrings made by integrating a reective element inside a
ring resonator. We present results for two dierent types of passive reective
microrings which were introduced in chapter 1, i.e., single peak and comb
reectors. Some of the material presented in this chapter is also reported
in [32,33].
3.1 Design and Fabrication
A schematic of a microring resonator with an integrated DBR is shown in
Fig. 3.1. It consists of a bus waveguide coupled to a ring resonator with
half of the ring covered with the DBR. The DBR is created by modulating
the width of the ring waveguide. The DBR is reective for a resonant mode
with an angular period equal to twice the angular period of the DBR (i.e.,
 = 
2n
if the DBR were straight). For this mode, coupling caused by each
period of the DBR adds in phase and a strong coupling between the two
degenerate counterpropagating modes occurs. When the DBR occupies half
the ring, the DBR reectivity nulls coincide with the other ring resonance
wavelengths. In this way, the two counterpropagating degenerate modes of
the ring couple to each other at only one resonance wavelength.
Due to the large quality factor of ring resonators, a large reectivity can
be obtained from a ring with an integrated reective element with small
reectivity. Input light from the bus waveguide couples to the ring and excites
a mode that circulates in the same direction. A small reectivity in the ring
can couple this mode to its counterpropagating counterpart, and this second
mode decouples back into the bus waveguide but in the opposite direction
resulting in reected light. From another point of view, the buildup of eld
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Figure 3.1: Schematic diagram of a microring with integrated DBR. The
DBR is realized by modulating the top half of the ring waveguide.
strength in the ring resonator yields multiple reection encounters of the
circulating light with the same set of gratings. This enables high reectivity
with only a few grating pairs.
3.1.1 Determination of the Refractive Index of Stoichiometric
Si3N4
Accurate values for refractive index of the Si3N4 core layer and SiO2 cladding
were unknown. The resonant wavelengths of microrings are very sensitive
to the material refractive index. This makes microrings ideal for accurate
measurement of the index, but there are two main challenges.
First, microrings have equally spaced resonances corresponding to modes
with dierent azimuthal orders. This introduces an ambiguity in determining
the resonant mode order and a large error in resulting material indices. We
resolve this problem by using single wavelength reective microrings. As we
discussed in section 1.2, by patterning a grating on the top half of a microring
(half ring DBR), exactly one resonant wavelength is selected to be reective.
Therefore, we determine the azimuthal order of the modes by measuring the
reection peak's wavelength (in both TE and TM polarizations).
The second challenge is that the systematic and random fabrication errors
in device dimensions also shift the resonance wavelengths. For a Si3N4 mi-
croring with SiO2 cladding, the errors in the thickness of the Si3N4 layer and
the width of the waveguide are the main contributing factors. To decrease the
uncertainties in these parameters, we calibrated our fabrication process, and
performed characterization measurements on the fabricated devices using a
scanning electron microscope (SEM). We also considered these parameters
along with the material refractive indices as unknown tting parameters.
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Figure 3.2: Typical transmission spectra for a microring resonator for (a)
TE, and (b) TM input polarizations.
28
Figure 3.3: (a) Measured reection and transmission spectra of a half ring
DBR from the rst set of fabricated devices. (b) Expanded view of the
measured spectra in (a) around the main reection peak. The measured
reection peak is observed at 1501 nm instead of the design wavelength of
1550 nm. The dashed lines show the simulated spectra of a tted model.
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For determining these values a rst set of devices were designed and fabri-
cated assuming refractive indices of ncore=2 and ncladd=1.44. The reection
and transmission spectra of single peak microring reectors and plain mi-
croring resonators were measured (see section 3.3 for measurement details)
with both quasi TE and quasi TM polarized input lights, and the measured
resonant wavelengths corresponding to dierent azimuthal mode orders (m)
were determined.
The transmission spectra of a plain microring resonator for TE and TM
polarizations of the input light are depicted in Fig. 3.2 (a) and (b), respec-
tively. Figure 3.3 shows the transmission and reection spectra of a half ring
DBR from this set. The measured reection peak at 1501 nm does not agree
with the design wavelength of 1550 nm. For nding accurate values for core
and cladding indices we used the following method. The refractive index of
the Si3N4 is assumed to have a linear dispersion relation as
n() = n0 + a
  0
0
; (3.1)
and the top and bottom cladding indices were assumed be constants. We
used the measured set of resonant wavelengths of the plain microring to
create a measured resonant wavelength vector as
m =
"
TE
TM
#
: (3.2)
A similar simulated resonant wavelength vector s was calculated using
the 2D simulation method of section 2.2. The sensitivities of resonant wave-
lengths (TE and TM) to a set of device parameters including geometrical
dimensions of the device and refractive indices of the core and cladding were
found using similar simulations and elements of the sensitivity matrix were
calculated as
Sij =
@si
@Pj
: (3.3)
Then the errors in the assumed device parameters (P) were found by
minimizing the following cost function:
min jm   s   SPj: (3.4)
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This is a linear least square minimization problem and can be solved using
singular value decomposition (SVD) method. SVD also determines the num-
ber of device parameters that can be determined with reasonable condence
intervals. We rst normalized the sensitivity parameters and the error vector
according to
Aij =
Sij
i
; (3.5a)
b =
m   s
i
; (3.5b)
where i is the standard deviation of mi. In our case, we measured 17 TE
and 17 TM resonant wavelengths of the plain microring resonator and as-
sumed 5 unknown device parameters: refractive index of Si3N4 at 1550 nm,
refractive index of top cladding (which is PECVD deposited SiO2), height
of Si3N4 layer, width of the waveguide, and chromatic dispersion of Si3N4.
Therefore, A is a 534 matrix. Singular value decomposition of A is ex-
pressed as
A = UWVT ; (3.6)
where U is a 345 matrix, W is a diagonal 55 matrix, and V is a 55
matrix. Singular values of A are diagonal elements of matrix W and are
found as (2877, 315.4, 81, 18.8, 0.019). The fth singular value of A is much
smaller than the others, which means that only four of the device parameters
can be determined with reasonable uncertainty.
To remove one of the unknown device parameters, we measured the waveg-
uide width using SEM at several points along the microring circumference
and calculated its mean and standard deviation. The other four device pa-
rameters and their standard deviations were determined using the closed
form formulae for the minimization problem which are given by
P = VW
0
UTb; (3.7a)
2Pi =
4X
j=1

Vij
Wjj
2
: (3.7b)
W
0
is a diagonal matrix with its diagonal elements equal to 1
Wii
. The esti-
mated device parameters and their standard deviations are listed in Table 3.1.
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Table 3.1: Calculated device parameters and their standard deviations.
Device parameter Value (unit)  (unit)
Refractive index of Si3N4 at 1550 nm 1.977 0.003
Refractive index of PECVD SiO2 1.428 0.011
Core thickness 375.6 (nm) 8.7 (nm)
Chromatic dispersion -0.015 (m 1) 0.012 (m 1)
3.2 Second Set of Devices
Using the corrected values for the core and cladding indices, a second set of
devices were fabricated. The devices were designed for a 400 nm thick Si3N4
waveguide core and SiO2 bottom and top claddings. The bus and ring waveg-
uide widths were chosen to be 1 m to achieve a single mode waveguide. The
ring radius was found using 2D FEM simulation of section 2.2. For designing
a resonant wavelength of 1550 nm for the quasi-TE mode of azimuthal order
200 (the mode with 200 eld oscillations along the circumference), the inner
radius of the ring is set to 30.16 m. The DBR was realized by removing
50 nm50 nm pieces from the inward side of the ring waveguide, yielding
a duty cycle of about 10%. We used a small duty cycle to get a low power
reectivity of R=1.9% from the 200 DBR periods that occupy the top half
of the ring. The resultant angular period of the grating is 0=0.9
. Critical
coupling requires bus to ring coupling coecient of =0.5 which corresponds
to a bus to ring gap of 125 nm [15].
To nd the DBR reectivity, we used a hybrid method that combines
C3MT formulation of section 2.3 and 2D FEM simulations of section 2.2.
We consider the small indentations of the waveguide as a perturbation to the
ring which couples its modes together.
The devices were fabricated on a silicon wafer with a 3 m thick grown
SiO2 layer. A 400nm thick low pressure chemical vapor deposition (LPCVD)
stoichiometric Si3N4 core was deposited on the grown oxide. The devices
pattern was written using e-beam lithography and was transferred from the
e-beam resist to the Si3N4 layer using reactive ion etching (RIE) with Freon
gases. We deposited 1:3m thick SiO2 upper cladding using plasma enhanced
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Figure 3.4: (a) SEM image of the fabricated device prior to top cladding
deposition. (b) Zoomed-in view of the portion of the image inside the
rectangle shown in (a). (c) Angled view of the modulated ring waveguide.
Figure 3.5: (a) Schematic of a reective microring resonator with an
integrated Fabry-Perot reector. (b) SEM image of the fabricated device
prior to top cladding deposition.
chemical vapor deposition (PECVD). After cleaving the device, 300nm thick
PECVD SiO2 was deposited on the waveguide facets as anti-reection coat-
ing. Figure 3.4(a) shows a scanning electron microscope (SEM) image of the
fabricated device prior to the top cladding deposition. A zoomed in view
of the part inside the small rectangle shown in Fig. 3.4(a) is presented in
Fig. 3.4(b). The small indentations on the inside of the ring waveguide can
be seen in this gure and in Fig. 3.4(c) which is the angled view of the same
structure. The schematic of a microring resonator with a fabricated =4
Fabry-Perot reector and SEM images of the fabricated device close to the
top part of the microring are shown in Figure 3.5(a) and (b), respectively.
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3.3 Measurement of Transmission and Reection
Spectra
The measurement setup is shown in Fig. 3.6. Polarized light from a tunable
laser is coupled in and out of the bus waveguide using tapered bers. The
bus waveguide width is tapered from 1 m to 3 m near the facet to increase
the ber coupling eciency. The reected light was measured using a ber
circulator. Also, the coupled signal from a 99:1 coupler monitors the input
power. We tested ring resonators with and without any reective elements.
We measured an unloaded Q of 1.56105 for the plain rings. For the half ring
DBR, the reection and transmission spectra are illustrated in Fig. 3.7(a).
A reection peak of  9 dB accompanied by a transmission dip of  24:5
dB can be observed around 1549.9 nm. This reection peak is about 7.8
dB larger than the peaks at adjacent ring resonances. The reectivity is
suppressed at nearby resonances because the DBR length is half the ring
circumference, and as mentioned before, its nulls are located at the other
ring resonance wavelengths. There is however some reection due to ring
waveguide sidewall roughness which causes smaller reection peaks at these
ring resonances. Figure 3.7(b) shows a zoomed in view of the transmission
and reection spectra of the main resonance. In general, coupling of the
modes causes separation of the two transmission dips (resonance splitting).
When the coupling coecient  is greater than or equal to its critical coupling
value, the splitting is small enough that the overall transmission/reection
spectrum shows a single dip/peak. The deep single transmission dip shown in
Fig. 3.7(b) signies the critical coupling of the ring. The observed asymmetry
in the reection peak spectrum is caused by interference of the light reected
by the ring and by the rst waveguide facet. The measured reection loss of
 9 dB is mainly due to the ber coupling and decoupling losses.
To remove the eects of reection from the facets and ber coupling losses,
we tted simulated reection and transmission spectra of a model to the
measured data. The model consists of the reective ring and bus waveguide
segments on each side of the ring. Coupling to the bers is modeled with two
separate two-port scattering matrices, i.e. a dierent matrix at each end of
the waveguide. The reection and transmission spectra of the reective ring
are calculated using a model which has been previously introduced [15]. The
parameters of the ring resonator, DBR, facet reectivities, and waveguides
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Figure 3.6: Schematic of the setup for measuring the transmission and
reection spectra of passive devices. OI: optical isolator, PC: polarization
controller, OP: optical polarizer, PD: photodetector, and DUT: device
under test.
propagation loss and lengths are chosen such that the simulated reection
and transmission spectra both t to those of the measured device. The t-
ted results of the model are overlaid on the measured results in Fig. 3.7(b).
The model response is in good agreement with the measured results, allow-
ing extraction of device performance parameters. The bus waveguide to ring
coupling coecient of =0.52, waveguide loss of 2.3 dB/cm, and DBR peak
power reectivity of R=2.1% were found this way. The DBR reectivity is
in good agreement with the C3MT result which predicts R=1.9%. The slight
dierence is probably due to fabrication error. The reection and transmis-
sion spectra of the ring are also found using this method and are shown in
Fig. 3.8. The device shows a maximum reectivity of  0:34 dB correspond-
ing to 92.3% power reectivity. The full width at half maximum (FWHM)
of the reection peak is 0.4 nm. The simulated reection and transmission
spectra of a conventional linear DBR with the same peak reectivity and
FWHM are also shown in Fig. 3.8. The necessary DBR length was 4.3 mm.
We assumed the same waveguide propagation loss of 2.3 dB/cm in the linear
DBR simulation. The about 1 dB out-of-band transmission loss of the linear
DBR is a result of its large length. The half ring DBR has one seventieth
the length, faster roll-o, and no side modes compared to the conventional
DBR. The smooth narrowband high reectivity peak at a single wavelength
and small device size make the half ring DBR attractive as an in-line mirror
for low threshold narrow linewidth laser diodes. The smaller footprint saves
real estate and reduces tuning power compared to the conventional DBRs.
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Figure 3.7: (a) Measured reection and transmission spectra of a half ring
DBR. (b) Expanded view of the measured spectra in (a) around the main
reection peak. The dashed lines show the simulated spectra of a tted
model.
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Figure 3.8: Extracted reection and transmission spectra of the reective
ring resonator after removing the ber coupling losses and waveguide facet
reections. Corresponding spectra of a 4.3 mm long conventional DBR with
the same peak reectivity and FWHM are also shown for comparison.
The transmission and reection spectra for the microring with the inte-
grated Fabry-Perot reector are shown in Fig. 3.9. As expected, the Fabry-
Perot reector has a wideband reection spectra, causes mode coupling at all
ring's resonance wavelengths, and creates a reection comb. The interference
of the reected light from the reective microring with the light reected from
the rst facet causes the observed few dB variations in the peak amplitudes
of the reection comb.
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Figure 3.9: (a) Transmission and (b) reection spectra of a microring
resonator with an integrated Fabry-Perot reector.
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CHAPTER 4
THERMAL NONLINEARITY IN
REFLECTIVE MICRORING RESONATORS
4.1 Introduction
In this chapter, we present optical bistability in reectivity response of mi-
croring resonators and attribute it to the self-heating eect. We also provide
a dynamic thermal model that can be used for nding the frequency response
of self-heating and determining the eect of self-heating on the laser lineshape
and linewidth.
Optical power loss caused by material absorption reduces the quality fac-
tor of integrated optical resonators. The absorbed optical power is converted
to heat which changes the temperature of the resonator. The temperature
change alters the resonator's material refractive index through the thermo-
optic eect and moves its resonant wavelength. As the resonant wavelength
moves, the optical energy stored in the resonator, the amount of absorbed
optical energy, and the generated heat all vary. Therefore self-heating and
the thermo-optic eect couple the thermal and optical dynamics of the res-
onator. For constant input optical power, the generated heat, the resonator
temperature change, and the index change due to the thermo-optic eect are
proportional to the optical power in the resonator. Therefore, the combined
self-heating and thermo-optic eects lead to an intensity dependent refractive
index. Resonators with an intensity dependent refractive index are known
to have bistable relations between the input and output powers [34].
Thermally induced bistability has been observed in silicon on insulator
(SOI) microrings with powers as low as tens of microwatts [2,35,36]. Silicon
nitride is a CMOS process compatible material and due to its relatively high
contrast to silicon dioxide it can be used for realization of relatively small
passive integrated optic devices. In the telecommunication band, silicon ni-
tride has lower optical absorption and smaller thermo-optic coecient than
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silicon. As a result, a few milliwatts of optical input power is required for
observation of thermally induced optical nonlinearity [37] and bistability [38]
in silicon nitride on SiO2 microrings. Devices utilizing thermally induced
optical bistability in microresonators are mostly intended for applications
in all optical signal processing; switches and memories have been already
demonstrated [2, 39]. In silicon nitride microrings, the thermally induced
nonlinearity is relatively large compared to the Kerr nonlinearity, but its
main drawback is its slow response which limits the bandwidth of these de-
vices to a few MHz. On the other hand, the prime advantage of all optical
processing over its electronic and optoelectronic counterparts is its potential
for extremely large bandwidth. Therefore, the use of thermally induced non-
linearity for all optical data processing is not well justied. Nevertheless, the
optical nonlinearity aects the functional response of microresonators in low
frequency applications.
One set of devices which are expected to be aected by thermally induced
nonlinearity is reective microrings. A nonlinear reectivity response and
bistability in reective microrings can aect the performance of laser diodes
that use these devices as cavity mirrors. Understanding the dynamic response
of the reector is critical for meeting functional requirements, especially in
tunable applications. The direct large signal modulation response of the laser
also depends on the time domain response of the microring reector. Fur-
thermore, the dependence of the reection peak wavelength of the microring
reector on the optical power converts the laser's intensity noise to phase
noise. In other words, uctuations in the laser power lead to uctuations
in the phase of the reectivity of the reective microring and can aect the
laser linewidth and lineshape.
4.2 Modeling Dynamics of Thermally Induced
Nonlinearity in Reective Microrings
Here we present a theoretical model that describes the dynamics of mutual
thermal and optical coupling caused by self-heating and thermo-optic ef-
fects in microring resonators. We use the results of section 2.6 for modeling
optical coupling between two counterpropagating degenerate modes of a mi-
croring with small perturbations. In section 4.2.1, we introduce a second
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order lumped capacitance thermal model for microrings by approximating
its thermal response by a summation of two exponential functions. We also
couple the dynamic optical and thermal models and provide a nonlinear or-
dinary dierential equation which describes the temporal dynamics of the
resonant frequency of the microring. We fabricated silicon nitride on SiO2
microrings and characterized self-heating dynamics by performing direct and
pump-probe measurements. The measurement results are presented in sec-
tion 4.4 and are compared to the simulation results of the model. Good
agreement between the experimental results and the theoretical model is
achieved, which supports the validity of the model.
4.2.1 Lumped Capacitance Thermal Model for Microring
Resonators
To model the thermal dynamics of the microring, we performed a 3D ther-
mal simulation of a silicon nitride microring resonator using the nite element
method (FEM). To model the thermal eects of optical material absorption,
we assumed a constant uniform heat source in the silicon nitride core. The
thermal conductivity of silicon nitride is about ten times that of silicon diox-
ide; therefore, the temperature is almost constant over the core region and
the distribution of the heat source over the core does not signicantly aect
the results. The steady state distribution of the temperature change over
the microring's cross section is shown in Fig. 4.1. The average temperature
of the Si3N4 core when we turn o the heat source and the microring cools
down from its steady state value is also found by FEM simulation and is
represented in Fig. 4.2(a). For modeling the nonlinear response of the de-
vice due to self-heating, a simple but accurate model is needed. While FEM
provides accurate thermal simulation results, it is not fast enough to be inte-
grated with the optical model. On the other hand, the lumped capacitance
method, which considers the device as a collection of lumped thermal masses
exchanging heat through thermal resistors, can provide a fast and simple
thermal model. Approximating diusive heat transfer using a set of thermal
capacitors and resistors is similar to lumped circuit elements approximation
of distributed electromagnetic systems (e.g. transmission lines). The accu-
racy of the results can be improved by adding more elements to the thermal
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circuit. As shown in Fig. 4.2(b), we used a lumped capacitance model with
two thermal masses (represented by two thermal capacitors) for the micror-
ing's core and cladding regions and two thermal resistors to describe the
thermal resistance between the core and cladding and between the cladding
and ambient substrate and air. The total generated heat is assumed to be
Q and is split into two portions which are modeled by two heat sources in
the thermal circuit. The heat generated by light absorption in the core and
cladding is represented by Q and (1 )Q heat sources, respectively, where
0    1 is the portion of heat generated in the core. The result of the
second order lumped thermal circuit of Fig. 4.2(b) for the core temperature
change (Tcore) was tted to the FEM simulation result and is overlaid on
it in Fig. 4.2(a). The good agreement between the results suggests that the
thermal dynamics of the microring can be modeled using the second order
lumped thermal circuit.
The impulse responses of the second order circuit for the temperature
changes of the core and cladding are given by
Tcore=clad(t) = Acore=clade
 t=t1 +Bcore=clade t=t2 ; (4.1)
where t1 and t2 are the time constants of the thermal response. The dier-
ential equations describing temporal dynamics of core and cladding temper-
ature changes (Tcore=clad) are given by
d2Tcore=clad
dt2
+ (
1
t1
+
1
t2
)
dTcore=clad
dt
+
1
t1t2
Tcore=clad =
(
Acore=clad
t1
+
Bcore=clad
t2
)
dQ
dt
+
Acore=clad +Bcore=clad
t1t2
Q: (4.2)
4.2.2 Dynamic Coupled Thermo-Optical Model
In sections 2.6 and 4.2.1, we provided dynamic models for describing ther-
mal and optical dynamics of microring resonators. In this section, we discuss
mutual coupling between the thermal and optical dynamics caused by self-
heating and thermo-optic eects. Assuming linear optical material absorp-
tion, the generated heat in a microring is proportional to the stored optical
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Figure 4.1: Steady state distribution of temperature change on the cross
section of a Si3N4 microring resonator found using FEM simulation. A heat
source with uniform density of 10 2 mW/(m)3 is assumed in the microring
core.
Figure 4.2: (a) Average temperature dierence between the Si3N4 core and
its surroundings as a function of time. The solid line shows FEM simulation
results while the dashed line represents the result from the lumped
capacitance model with thermal masses. (b) Schematic diagram of a
thermal circuit for modeling self-heating in microring resonators.
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energy in the microring, that is,
Q = 1
m
(ja1j2 + ja2j2); (4.3)
where m is the photon absorption life time and is related to the core and
cladding material absorption coecients. The thermally induced resonant
frequency shift of the microring is linearly related to core and cladding tem-
perature change
!0 =  c1Tcore   c2Tclad; (4.4)
where c1;2 are coecients related to the core and cladding material param-
eters, their thermo-optic coecients, and the optical connement factor of
the resonant mode. By combining (4.2), (4.3), and (4.4) we can nd the
dierential equation which describes the temporal dynamics of the resonant
frequency of a microring resonator as
d2!0
dt2
+ (
1
t1
+
1
t2
)
d!0
dt
+
1
t1t2
!0 =  ( a
t1
+
b
t2
)
d(ja1j2 + ja2j2)
dt
  a+ b
t1t2
(ja1j2 + ja2j2): (4.5)
The constant coecients a and b are given by
a =
c1Acore + c2Aclad
m
(4.6a)
b =
c1Bcore + c2Bclad
m
; (4.6b)
and can be determined by tting the measured data to the model result.
As was mentioned in section 2.6, we can use the adiabatic approximation
for the energy amplitudes of the modes and replace them in (4.5) by their
steady state values from (2.38) using a time-dependent resonant frequency of
!0(t). By making this substitution, (4.5) turns into a nonlinear dierential
equation for !0(t) with s
+
1 (t) as the driving source. After nding the !0(t),
the transmitted and reected power amplitudes can be found using (2.37)
and (2.38).
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4.3 Observation of Thermally Induced Optical
Nonlinearity in Microring Resonators
The devices used in this section were designed and fabricated using a similar
process presented in section 3.2. The microrings were designed and fabricated
with Si3N4 core and SiO2 bottom and top claddings on a silicon substrate. A
3 m thick layer of SiO2 was grown on a silicon substrate, and 400 nm thick
stoichiometric Si3N4 was deposited on the grown oxide using low pressure
chemical vapor deposition (LPCVD) technique. The microrings were pat-
terned on the Si3N4 layer using e-beam lithography and reactive ion etching.
To form the top cladding, a 1.3 m thick layer of SiO2 was deposited on the
patterned silicon nitride using plasma enhanced chemical vapor deposition
(PECVD) technique. Waveguide facets were coated with 300 nm PECVD
silicon diode to reduce their unwanted reections. Microrings with 30 m ra-
dius and 1 m wide waveguides with dierent coupling gaps were fabricated
using this procedure.
Transmission and reection spectra of the devices were measured at a low
input power of about 0:1 mW using a setup shown in Fig. 4.3. TE polar-
ized light from a narrow linewidth tunable CW laser was coupled to the
microrings' bus waveguide using a lensed ber and the transmitted signal
was collected using a similar lensed ber. The reected optical power was
measured using an optical circulator which was placed before the input lensed
ber. The input power was monitored using a 99:1 optical coupler. Typical
transmission and reection spectra of a microring resonator close to one of its
resonances are shown in Fig. 4.4(a). The dip in the transmission spectrum
close to the microring's resonance is accompanied by a reection peak. The
reection is a result of coupling between the two degenerate counterpropa-
gating modes caused by small roughness of the microring waveguide. A time
domain coupled mode model as in section 2.6 was used for modeling the cou-
pling between the two modes. Using the least squares t to the measured
data, the values of =64.7 ps, =1.5105 s 1=2, and m=6.2109 s 1 were
found for the energy amplitudes decay time, the bus to microring coupling
coecient, and coupling parameter between the modes, respectively. The
loaded quality factor of Qloaded=39,800 was also calculated from the energy
amplitude's decay time. O-resonance, the measured reection is nonzero
and is dominated by the waveguide facet reection. On resonance, the light
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Figure 4.3: Schematic of the experimental setup used for low power spectral
measurements and direct nonlinear measurement with large signal
modulation of the laser. For low power spectra measurements, the laser
operated in CW mode and the EDFA's output power was set to -5 dBm,
while the direct nonlinear measurement was performed with the laser
modulated with 50% duty cycle and 100 % modulation depth, and the
EDFA's average output power of 16 dBm. OI: optical isolator, EDFA:
erbium-doped ber amplier, PC: polarization controller, OP: optical
polarizer, PD: photodetector, and DUT: device under test.
reected from the facet interferes with the microring reection. The model
tted to the measurement results considers this interference and accurately
models the on- and o-resonance reection spectra as shown in Fig. 4.4(a).
Transmission of the device at dierent wavelengths as a function of the
input power is shown in Fig. 4.4(b). Each curve corresponds to the trans-
mission of the device at a wavelength represented by a solid circle of the
same color in Fig. 4.4(a). Each curve consists of two traces which represent
the device transmission as the input power slowly increases and decreases.
The dependence of the transmission on the input power is indicative of the
nonlinear response. As the positive detuning of the laser wavelength from
the low power resonance of the device increases, the device moves toward
the bistability. The black curve in the Fig. 4.4(b) corresponds to wavelength
detuning of 50 pm, and represents a bistable behavior. Transmission and
reection of the device at this wavelength detuning versus the input power
on a linear scale are shown in Fig. 4.5. Both the transmission and reection
show hysteresis loops.
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Figure 4.4: (a) Transmission and reection spectra of the device close to
one of its resonances measured at low input power. The dashed curve shows
a TDCMT t to the data. (b) Transmission of the device at dierent
wavelengths as a function of the input power. Each curve contains two
traces with increasing and decreasing input power, and is measured at a
wavelength indicated by a solid circle of the same color in (a).
Figure 4.5: Bistable transmission and refection loops at 50 pm detuning.
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4.4 Model Verication: Comparison with
Experimental Results
We performed two sets of measurements to verify the validity of our model
for describing the dynamics of self-heating. We measured time domain wave-
forms of transmitted and reected powers for large signal modulated laser
input (direct measurement) and also carried out pump-probe measurements
using two lasers.
4.4.1 Large Signal Modulation Response
To observe the nonlinear response of the microring resonator and compare
it with the model introduced in section 4.2.2, we measured the temporal dy-
namics of the transmitted and reected signals for high power large signal
modulation of the laser power. The tunable laser was detuned from the mi-
croring's resonant wavelength by 40 pm (see Fig. 4.6), and its output was
modulated with 50% duty cycle and 100% modulation depth. The average
output power of the erbium-doped ber amplier (EDFA) was set to 16 dBm,
and, considering the coupling loss, the average power coupled to the device
was estimated as Pin=12.5 mW. The measured transmitted, reected, and
input monitor signals for the device of Fig. 4.6 are depicted in Fig. 4.7. The
laser light modulation frequency is 30 kHz in Fig. 4.7(a) and 100 kHz in
Fig. 4.7(b). During the on-time of the laser modulation period, the tempera-
ture of the microring's core and cladding increases and its resonant frequency
red shifts. As the resonant frequency moves to larger wavelengths, it passes
the laser wavelength l (see Fig. 4.6) and a minimum in transmitted signal
and a peak in the reected signal is observed (Fig. 4.7). The microring cools
down during the laser o-time and the resonant wavelength blue shifts and
returns to its initial wavelength.
As the microring's resonant wavelength moves, both the stored optical en-
ergy in the microring and the generated heat vary. As a result, the generated
heat and the speed of resonant wavelength movement change. The coupled
thermo-optical model described by (4.5) considers this dynamic eect. The
nonlinear dierential equation (4.5) was solved numerically and its parame-
ters were chosen for the best least squares t of the simulated transmitted
and reected signals to the measured data. The TDCMT t values were
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Figure 4.6: Measured (solid lines) and TDCMT t (dashed lines) to a
typical transmission and reection spectrum of a microring resonator close
to one of its resonances. The dashed vertical line represents the laser
excitation wavelength. As the microring resonator heats up due to the
self-heating eect, the transmission and reection spectra red-shift (as
shown with an arrow).
Figure 4.7: Measured and simulated transmitted, reected, and 1% of input
signal powers as a function of time for a modulated laser input for
modulation frequency of (a) 30 kHz and (b) 100 kHz.
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used for the optical parameters of the device (i.e.  ,, and m). The EDFA's
output was not a perfect square wave and so the measured 1% of the input
signal was tted to a summation of two exponential functions multiplied by
a square wave and was used to determine the waveform of the power am-
plitude of the s+1 (t) which is the driving force in (4.5). Simulation results
found using the model with parameter values of t1=3.90 s, t2=0.15 s,
a=3.551019 skg 1m 2, and b=1.201019 skg 1m 2 are shown in Fig. 4.7
along with the measured data. The small damped oscillatory behavior ob-
served on top of the measured data was conrmed to be due to the EDFA
transient response, and was not tted for when modeling js+1 (t)j2 by sum-
mation of two decaying exponential functions. Nevertheless, good agreement
between the model predictions and the measurement results was achieved.
4.4.2 Pump-Probe Measurement
In the pump-probe measurement, a strong modulated pump is tuned to one
of the microring's resonant wavelengths (1) and periodically heats up the
device during its on-time. A weak CW probe signal from another laser is
tuned to another resonant wavelength (2) of the microring and measures
the temporal response of the transmission at that wavelength. The pump
laser was modulated with 10 kHz modulation frequency, 50% duty cycle,
100% modulation depth, and was amplied using an EDFA. The lights from
the two lasers were combined and coupled to a microring resonator. To block
the EDFA's spontaneous emission noise, the transmitted signal was ltered
using a bandpass lter centered on the probe wavelength. In contrast to the
direct measurement technique presented in section 4.4.1, the pump-probe
technique reveals the thermo-optical dynamics of the microring when it is
cooling down, and thus it is not sensitive to the pump waveform during
its on-time. The setup used for this measurement is shown in Fig. 4.8. A
microring resonator dierent from the one used in section 4.4.1 was used
for pump-probe measurement. For the device used in this measurement, the
least squares TDCMT t values were found as =102.4 ps, =1.36105 s 1=2,
and m=8.55109 s 1.
The measured probe signal's power during the pump's o-time for dierent
detunings of the probe's wavelength from the device's resonant wavelength
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Figure 4.8: Measurement setup for the pump-probe measurement.
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Figure 4.9: Measured and simulated power of the probe signal during the
pump's o time. The time is measured from the pump's turn o edge.
(=probe   2) is shown in Fig. 4.9. The variation in the probe signal
shows how the resonant frequency of the microring moves as the device cools
down. The results from the simulation using the coupled thermo-optical
model for t model parameters of t1=7.5 s, t2=0.5 s, and a=b=1.8 are
overlaid on the measurement results in Fig. 4.9. The good agreement between
the measured data and the simulated results suggests the validity of the
proposed theoretical model.
4.5 Steady State Nonlinearity and Bistability Analysis
In this section we will use the steady state solutions of coupled thermal and
optical models to explain the bistable and power-dependent transmission and
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Figure 4.10: (a) Transmission and reection spectra of the device used in
the bistability measurements. The spectra are extracted from the
measurement data by modeling the coupling in and out of bers and
propagation in the bus waveguide. (b) Two sides of (4.8) plotted for
=50 pm and dierent input power values.
reection response of the device. In section 4.6, we will examine the stability
of the solutions we nd in this section using small signal analysis of the
dynamic equations.
The steady state solution to the thermal equation can be found by setting
temporal derivatives to zero in (4.5). We nd
!
(0)
0 =  (a+ b)(ja1j2 + ja2j2): (4.7)
The superscript \(0)" denotes steady state value. Energy amplitudes of
the two counterpropagating microring modes in the steady state are given
by (2.38) for s+1 =
p
Pin. Plugging in these solutions for the energy ampli-
tudes into (4.7) leads to a nonlinear equation for !
(0)
0
1
Pin
!
(0)
0 =  (a+ b)
2((!
(0)
0  !)2 + 12 + 2m)
j(j(!(0)0  !)  1 )2 + 2mj2
: (4.8)
To determine the number of solutions at dierent powers and device pa-
rameters, both sides of this equation can be plotted as a function of !
(0)
0 (or
equivalently in terms of the corresponding 0, i.e., the shift in the resonant
wavelength due to the self-heating eect). The crossing points of the two
curves will specify the possible solutions for the resonant wavelength shift.
We extracted the transmission and reection spectra of the device used in
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Figure 4.11: Possible wavelength shift solutions for (a)  = 35 pm and (b)
50 pm laser detunings. The dashed line curve in (b) represents an unstable
solution.
the bistability measurements (results shown in Fig. 4.4) by doing a t to
measured spectra and removing the ber coupling eects. The extracted
spectra are depicted in Fig. 4.10(a). Both sides of (4.8) for this device are
plotted in Fig. 4.10(b). In general, the left-hand side is a straight line with
the slope of 1=Pin, while the right-hand side is proportional to the stored
energy spectrum and shows either a single peak or two split peaks. For a
device with weak coupling between its degenerate modes (as the one used in
this case), the stored energy spectra has a single peak and depending on the
laser detuning ( = l   0) and input power values up to three crossing
points between the two curves is possible. For devices with strong mode
coupling and split peaks in their stored energy spectrum, up to ve crossing
points can be found. As we will see in section 4.6 not all solutions of (4.8)
correspond to stable operating points. In particular, when the stored energy
spectrum has a single peak and the detuning and input power values are such
that the two curves cross at three points, only two of the solutions are stable
points and the device response will be \bistable".
The possible wavelength shift solutions for the device used in the measure-
ments are found numerically for two laser detunings of =35 and 50 pm
and are plotted versus input power in Figs. 4.11(a) and (b), respectively. For
35 pm detuning, regardless of the input power, there is only one solution and
no bistability is expected. At 50 pm laser detuning, there are three possible
solutions if input power is set between 7.8 and 11.8 mW. As we will show
in the next section, the middle solution (the one shown by a dashed line in
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Figure 4.12: (a) Reection and transmission as a function of input power
for laser wavelength detunings of (a)  = 35 pm, and (b) 50 pm.
the Fig. 4.11(b)) is unstable and only the two stable operating points will be
observed in a measurement.
Using the values found for the resonant wavelength shift as a function of
input power, the transmission and reection of the device are calculated and
plotted in Fig. 4.12 (a) and (b) for 35 and 50 pm detuning cases. The values
corresponding to the unstable solution are not plotted in Fig. 4.12(b). The
simulated transmission and reection curves resemble the measured curves
shown in Fig. 4.4(b) and Fig. 4.5.
4.6 Small Signal Response
Transmission and reection response of a reective microring with the self-
heating eect to a narrowband modulated signal with small modulation depth
is considered in this section. The results are useful in determining stable and
unstable points of device operation, and in analyzing the dynamic eects
and noise of a semiconductor laser utilizing the device as a mirror. We will
present the stability analysis and a small signal model in this section. The
small signal model will be used later in chapter 5 for modeling dynamic eects
and noise in semiconductor lasers with microring reectors.
We assume that the envelope of the input light to the microring is weakly
phase and amplitude modulated and write it as
~s+1 (t) = s0(1 + 
+
1 (t))e
j+1 (t); (4.9)
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Figure 4.13: Narrowband, weakly modulated light with a power amplitude
envelope of s+1 (t) is reected o of a microring resonator which exhibits
self-heating. The envelopes of the reected and transmitted power
amplitudes, and the energy amplitudes of the two counterpropagating
modes are also shown.
where +1 (t) denotes the normalized amplitude modulation and 1(t) rep-
resents the phase modulation (see Fig. 4.13). Weak modulation condition
means +1 (t) 1, and the narrowband assumption requires that the rate of
change of both amplitude and phase modulation are much smaller than the
laser frequency. By assuming the input signal's bandwidth is smaller than
the bandwidth of the microring, we can use the adiabatic approximation and
nd the envelope of the energy amplitudes of the two counterpropagating
modes using (2.38) as
~a1(t) =
j


2   2m
~s+1 (t); (4.10a)
~a2(t) =
 jm

2   2m
~s+1 (t); (4.10b)
where 
 = !0(t)+!0 !l+ j . Under the same approximation, the envelopes
of reected and transmitted power amplitudes can be expressed in terms of
energy amplitude envelopes as
~s 1 (t) = ~a2(t) =
 j2m

2   2m
~s+1 (t); (4.11a)
~s 2 (t) = ~s
+
1 (t)  ~a1(t) = (1 
j2


2   2m
)~s+1 (t): (4.11b)
As mentioned earlier, the weak modulation assumption of the input light
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requires +1 (t)1. To keep track of the eects of the weakness of the ampli-
tude modulation in the thermal and optical equations, we use a perturbation
parameter  and replace +1 (t) by 
+
1 (t), and at the end set  to one. Due
to the self-heating eect, the resonant wavelength of the microring is a func-
tion of the input light power amplitude and can be written as a Taylor series
expansion of 
!0(t) = !
(0)
0 + !
(1)
0 + : : : : (4.12)
According to (4.5) and (4.10), the resonant wavelength shift only depends
on the amplitude of the input power amplitude. Therefore, the zeroth order
term in (4.12) is the steady state solution which satises (4.12). We nd the
dierential equation for the rst order term in  as
d2!
(1)
0
dt2
+(
1
t1
+
1
t2
)
d!
(1)
0
dt
+
1
t1t2
!
(1)
0 =  (
a
t1
+
b
t2
)
dW(1)
dt
  a+ b
t1t2
W (1); (4.13)
where W (1) = +1 U + !
(1)
0 V is the rst order term in the Taylor series
expansion of the stored optical energy in the microring. U and V are given
by
U =
22(j
0j2 + 2m)
j
20   2mj2
s20 (4.14a)
V =
22<f
0g
j
20   2mj2

1  2(j
0j
4   4m)
j
20   2mj2

s20; (4.14b)
with 
0 = !
(0)
0 +!0 !l+ j . By substitutingW (1) into (4.13) and rearranging
the terms, we get a linear second order dierential equation for the rst order
resonant wavelength shift
d2!
(1)
0
dt2
+ (
1 + V a
t1
+
1 + V b
t2
)
d!
(1)
0
dt
+
1 + V (a+ b)
t1t2
!
(1)
0 =
  ( a
t1
+
b
t2
)U
d+1
dt
  a+ b
t1t2
U+1 : (4.15)
By taking the Fourier (or Laplace) transform, the relation between the ampli-
tude modulation and rst order resonant wavelength shift can be expressed
using a transfer function as
!
(1)
0 (!) = HT (!)
+
1 (!); (4.16)
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Figure 4.14: Values of poles of transfer function HT (s) for the device used
in bistability measurements at =50 pm laser detuning. At input power
values between 7.8 and 11.8 mW, one of the poles has a positive value
leading to instability.
where
HT (!) =  U
j( a
t1
+ b
t2
)! + a+b
t1t2
1+V (a+b)
t1t2
+ j(1+V a
t1
+ 1+V b
t2
)!   !2 ; (4.17)
and subscript T denotes the thermal basis of the relation. Transfer function
HT (s) has one zero and two poles. The location of the zero is xed, but the
pole locations depend on the input power and the detuning of the laser from
the resonant wavelength ( = l   0). Figure 4.14 shows the pole values
for the same device used in section 4.5 at 50 pm detuning as a function
of input power. The steady state resonant wavelength shift of this device
at the same detuning is presented in Fig. 4.11(b). The three branches of
possible resonant wavelength shift and their corresponding pole values are
plotted with the same line format and color in Figs. 4.11(b) and (4.14). At
low and high input power values, there is only one possible steady state
operating point, and both of the poles are stable (have negative values). In
the bistable region one of the poles corresponding to the branch plotted with
dashed lines in Fig. 4.11(b) is positive and makes the branch unstable.
The amplitude and phase of the HT (!) at a typical operating point of the
microring are plotted in Figs. 4.15(a) and (b), respectively. As we will see
in Chapter 5, the low frequency value of jHT (!)j plays an important role
in determining the noise of semiconductor lasers using microring reectors.
This value is plotted as a function of input power in Fig. 4.16(a) and (b) for
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Figure 4.15: (a) Amplitude and (b) phase of HT (!) at an input power of
Pin = 4 mW and =32 pm wavelength detuning.
Figure 4.16: Amplitude of transfer function HT at zero frequency as a
function of input power for (a) negative, and (b) positive laser wavelength
detuning.
various positive and negative laser wavelength detunings, respectively.
The envelope of the reected signal can also be found to the rst order in
:
~s 1 (t) = r~s
+
1 (t)  (r(0) + r(1))~s+1 (t): (4.18)
Finding the reection coecient and setting  to one, we get
r =
 j2m

2   2m
  j
2m

2   2m

1 +
 2


2   2m
!
(1)
0 (t)

: (4.19)
And up to the rst order in , the amplitude and phase of the reection
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Figure 4.17: Simulated normalized small signal (a) transmission and (b)
reection of a microring reector at input powers.
coecient are found as
jrj  jr(0)j+ jr(0)j<
  2


2   2m

!
(1)
0 (t) (4.20a)
r  (0)r + =
  2


2   2m

!
(1)
0 (t): (4.20b)
The amplitude and phase modulation of the reected signal, calculated
using (4.18) and (4.20), can be represented as
 1 (t) = jr(0)j

+1 (t) + <
  2


2   2m

!
(1)
0 (t)

(4.21a)
 1 (t) = 
+
1 (t) + 
(0)
r + =
  2


2   2m

!
(1)
0 (t): (4.21b)
Using a similar procedure the amplitude and phase modulations of the trans-
mitted signal are calculated and are given by
 2 (t) = jt(0)j

+1 (t) + <

j2(
2 + 2m)
(
2   2m)(
2   2m   j2
)

!
(1)
0 (t)

(4.22a)
 2 (t) = 
+
1 (t) + 
(0)
t + =

j2(
2 + 2m)
(
2   2m)(
2   2m   j2
)

!
(1)
0 (t): (4.22b)
To nd the eect of transmission through a microring on amplitude mod-
ulation of the signal, we calculated the normalized transmission coecient
of a weak amplitude modulation as a function of laser wavelength detuning
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Figure 4.18: Schematic of the experimental setup used for small signal
measurements.
using (4.22b). The normalization is done by dividing the small signal trans-
mission coecient by the transmission coecient for a CW signal at the same
wavelength detuning. This quantity shows the modication of the amplitude
modulation depth of the signal when it passes through a reective microring
which exhibits the self-heating eect. We assumed a small 15 kHz sinusoidal
intensity modulation of the laser, and the same device parameters used in the
bistability measurements are plotted for three dierent powers in Fig. 4.17(a).
When the laser's wavelength is far from the resonant wavelength of the mi-
croring, the self-heating eect does not modify the transmission of the small
signal, and the normalized transmission coecient is close to one. When
the laser wavelength is set near resonance, depending on  and CW input
power level, the transmitted small signal is either amplied or attenuated.
Similarly, we found the normalized small signal reection coecients for the
same device at the three power levels and have plotted them in Fig. 4.17(b).
These results will be used for a comparison to measurement data presented
in the next section.
4.7 Small Signal Measurements
To verify our results for small signal reection and transmission coecients
of a reective microring, we performed small signal modulation measure-
60
Figure 4.19: (a) Normalized small signal transmission coecient of a
microring reector measured at three dierent input powers. (b) Measured
and simulated frequency responses of the normalized transmission
coecient for  = 32 pm laser detuning and Pin = 3:85 mW.
ments. An illustration of the experimental setup used in the measurements
presented in this section is shown in Fig. 4.18. The sinusoidal signal from
a function generator is used to modulate the intensity of a tunable laser
with modulation index of 1%. The laser light is coupled to the device and
the transmitted and reected signals are measured. To measure the am-
plitude of the transmitted signal modulation, the transmitted light is split
and measured with two photo-detectors. One of the photo-detectors mea-
sures the average power and its reading is proportional to the large signal
transmission coecient, while the output of the other one is connected to
an electrical spectrum analyzer which measures the amplitude of the signal
at the modulation frequency. The measured values are calibrated using the
values found when the laser wavelength is set far from the resonance of the
microring. The measured normalized small signal transmission coecients
at three dierent input powers are presented in Fig. 4.19(a). The results
agree with the simulation results found using the small signal model shown
in Fig. 4.17(a). Frequency dependence of the normalized transmission coef-
cient was also measured by keeping the input power and laser's wavelength
xed and changing the modulation frequency of the laser. The measurement
results for the frequency dependent measurement along with the simulated
ones are presented in Fig. 4.17(a). The agreement between the measurement
and simulation results conrm the validity of the small signal model.
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4.8 Determination of Thermo-Optic Coecients of
Si3N4 and SiO2
It is generally dicult to separate the material absorption loss from the
scattering loss. Determining the source of loss is useful for improving the
microring's Q. A measurement of the device's temperature change due to
self-heating can be used for obtaining the material absorption loss. Deter-
mining the temperature change from the resonant wavelength shift requires
the knowledge of thermo-optic coecients of the core and cladding materi-
als. To the best of our knowledge, the thermo-optic coecient of the Si3N4
is not reported in the literature. In this section we use a simple method to
determine the thermo-optic coecients of the core and cladding materials of
our devices. We measure the changes in TE and TM resonant wavelengths
of two microrings with two dierent designs as a function of device temper-
ature: microrings one and two with 1 m and 1.25 m wide waveguides,
and 30 m and 46.7 m inner ring radii, respectively. We can use dierent
sensitivities of these resonances to the core and cladding indices to determine
the Si3N4 and SiO2's thermo-optic coecients. It should be noted that the
eect of thermal expansion on the resonant wavelength shift is an order of
magnitude smaller in SiO2, and since the device has a thick top and bottom
cladding we expect it to expand similar to SiO2. Therefore we ignore the
thermal expansion eect in our calculations.
The thermally induced changes in the TE and TM mode's resonant wave-
lengths of microring resonators can be written as
dTE
dT
=
@TE
@ncore
dncore
dT
+
@TE
@nclad
dnclad
dT
(4.23a)
dTM
dT
=
@TM
@ncore
dncore
dT
+
@TM
@nclad
dnclad
dT
: (4.23b)
The values for the sensitivities of TE and TM resonant wavelengths to
the core and cladding indices are calculated using the 2D FEM simulation
method presented in section 2.2, and are given in Table 4.1. To determine
the rate of change of the TE and TM resonant wavelengths of the device with
the temperature, the transmission spectra of the devices were measured at
dierent device temperatures and dierent input light's polarizations. The
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Table 4.1: Resonant wavelengths sensitivities.
Simulated
parameter (nm/RIU)
Microring one Microring two
@TE
@ncore
555 591
@TE
@nclad
316 265
@TM
@ncore
361 386
@TM
@nclad
578 545
Table 4.2: Resonant wavelengths shifts per change in temperature.
Experimentally measured
parameter (pm/C)
Microring one Microring two
dTM
dT
16.810.39 16.470.5
dTE
dT
14.550.32 13.990.68
Table 4.3: Estimated thermo-optic coecients for Si3N4 and SiO2.
Computed
parameter (RIU/C)
Microring one Microring two
dnSi3N4
dT
2.480.12 2.390.15
dnSiO2
dT
0.970.11 0.870.20
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Figure 4.20: Resonant wavelength shift of TE and TM modes of two
microring resonators as a function of temperature. (a) Microring one with
1 m wide waveguide and 30 m inner ring radius and, (b) Microring two
with 1.25 m wide waveguide and 46.7 m ring radius.
measured resonant wavelength shifts and the corresponding linear ts to the
data are shown in Fig. 4.20. The slopes of the linear ts and their uncertain-
ties are listed in Table 4.2. Using the resonant wavelengths sensitivities and
their measured shifts per change in temperature for each microring, the set
of equations of (4.23) were solved for the thermo-optic coecients of Si3N4
and SiO2 and the results are tabulated in Table 4.3. The values for the
thermo-optic coecients and their uncertainties were obtained by combining
the entries of Table 4.3 with optimum scaling factors
dnSi3N4
dT
= (2:45 0:09) 10 5 [RIU=C] (4.24a)
dnSiO2
dT
= (0:95 0:10) 10 5 [RIU=C]: (4.24b)
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CHAPTER 5
DYNAMIC EFFECTS, STABILITY AND
LINEWIDTH
5.1 Introduction
In the previous chapters, we discussed optical and thermal models for pas-
sive microring reectors. In this chapter, we will study the eects of using
these reectors as mirrors for semiconductor lasers. Figure 5.1 shows an il-
lustration of a microring reector laser which has an active gain section, a
short phase section, and a passive microring reector. The phase section
is used to adjust the round trip phase in the cavity and to tune the lasing
wavelength. We assume that the reectivity of one of the laser mirrors is not
wavelength dependent (i.e. a cleaved fact). Throughout this chapter we use
the parameters for a typical =990 nm In0.2Ga0.8As quantum well laser to
present numerical values and quantify the modications to laser performance
due to use of the microring reector. The assumed parameters for the laser
are given in Table 5.1. The quantum well gain and recombination models,
as well as their tting parameters are presented in Table 5.2. Most of the
values in these tables are typical and are taken from [40].
We assumed that passive microrings with similar quality factors as the
ones we realized at the telecommunication wavelength are achievable. For
modeling the reective microring used as a laser mirror in our simulations,
Figure 5.1: Illustration of a microring reector laser.
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Table 5.1: Laser parameters used in the simulations.
Parameter Symbol Value (unit)
Laser wavelength l 990 (nm)
Active cavity length L 250 (m)
Propagation loss `0 20 (cm
 1)
Ridge width w 5 (m)
Modal group index ng 4.2
Population inversion factor nsp 1.13
Connement factor   3.2%
Internal eciency i 0.8
Cleaved facet reectivity r21 32%
we properly scaled the parameter values we found for the telecommunica-
tion band devices previously characterized. These parameters are given in
Table 5.3, and the transmission and reection spectra of the device are de-
picted in Fig. 5.2 (a). We have also plotted the spectrum of the reectivity
phase in Fig. 5.2 (b). As we will see in section 5.2, the slope of the reectivity
phase plays an important role in the noise and modulation properties of the
laser.
We start our study of the laser by presenting the microring reector laser's
rate equations in section 5.2. Then, we linearize the rate equations to derive a
linear model for analysis of small signal modulation and noise characteristics
of the laser. In section 5.3, we discuss the steady state light versus current
(L-I) relation for the microring reector laser. The stability analysis and
modulation response of the device are presented in section 5.4. We show that
the laser will be unstable if the phase condition sets the lasing wavelength to
some part of the short wavelength side of the microring reectivity peak. The
modications of the phase noise and linewidth due to use of the reective
microring mirror are presented in section 5.5. We see that the wavelength
dependence of the reective microring can reduce the laser linewidth while
its intensity dependence (due to the self-heating eect) may increase it. In
addition, the self-heating eect in the reective microring might lead to laser
instability at high output powers.
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Table 5.2: Quantum well gain and recombination parameters.
Gain model: g(N^ ; N^p) =
g0
1+N^p
ln

N^+N^s
N^tr+N^s

Recombination model: R^sp + R^nr = ArN^ +BrN^
2 + CrN^
3
Parameter Symbol Value (unit)
Gain t coecient g0 1800 (cm
 1)
Transparency carrier density N^tr 1.81018 (cm 3)
Gain t parameter N^s -0.41018 (cm 3)
Gain compression coecient  1.510 17 (cm3)
Schottky-Read-Hall coecient Ar assumed negligible
Bimolecular recombination coecient Br 810 11 (cm3)
Auger coecient Cr 3.510 30 (cm6)
Linewidth enhancement factor  3
Note: The^symbol on top of the carrier and photon densities used in the models
and table entries represent corresponding particle densities in contrast to particle
numbers used in this chapter. To convert the particle density to particle number
for the laser used in this example, the particle density should be multiplied by
Vp=3.1310 10 cm3 for photon density and by Vn=10 11 cm3 for carrier densities.
Table 5.3: Reective microring parameters.
Parameter Symbol Value (unit)
Twice the photon lifetime
in the microring
 49.7 (ps)
Bus coupling strength  1.85105 (s 1=2)
Mutual coupling strength m 9.71109 (s 1)
Slow thermal response coecient a 1.651019 (skg 1m 2)
Fast thermal response coecient b 5.581018 (skg 1m 2)
Slow thermal time constant t1 3.9 (s)
Fast thermal time constant t2 0.15 (s)
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Figure 5.2: (a) The transmission and reection spectra of the reective
microring used as the mirror in the laser structure we use in our simulations
throughout this chapter. (b) The reectivity phase spectrum of the same
device.
5.2 Rate Equations for Lasers with Frequency and
Power Dependent Reectors
We consider a laser with a wavelength and intensity dependent mirror reec-
tivity. We assume that the laser is operating in single mode with a large side
mode suppression ratio, so that we can ignore the mode partition noise. For
such a laser the electric eld inside the laser active region can be written as
E(r; t) = C ((t)(r) + (t)(r)) ; (5.1)
where (r) is the spatial distribution of the electric eld, (t) is the time
dependent part of the mode excitation, and C is a normalization coecient.
We chose the normalization constant C such that jj2 represents the average
number of photons in the cavity Np. With this assumption we can write
 =
p
Npe
 j(!lt+'); (5.2)
where ' is the phase of the electric eld, and !l is the laser's angular fre-
quency. We are interested in operation of the laser when the average number
of photons in the active section of the laser cavity is signicantly larger than
one. This is the case in many applications of semiconductor lasers. The pho-
ton number for a typical semiconductor laser operating in the mW output
power range is on the order of 10,000. Assuming the semiconductor laser
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is driven with a low noise CW current source and is properly temperature
controlled, the spontaneous emission into the lasing mode would be the main
noise source of the laser. In particular, for such a laser, the quantum optical
uncertainties in the phase and amplitude of  are negligible compared to
the noise due to the spontaneous emission [41]. Considering the spontaneous
emission as only noise source in the laser we can write the laser rate equa-
tion for the total number of carriers in the active region (N) and the photon
numbers as
_N = i
I
q
 GNp  Rsp  Rnr + Fn(t) (5.3a)
_Np = GNp +R
0
sp + Fp(t) (5.3b)
where i is the internal eciency of the laser and represents the percentage
of the carriers that make it to the quantum wells, I is the laser's driving
current, q is the elementary charge, G is the gain, and G = G   L is the
dierence between gain and loss L. Gain can be related to the material gain
g, through G =  gvg where   is the connement factor and vg is the modal
group velocity. The average rates of spontaneous emission, non-radiative re-
combination, and spontaneous emission into the lasing mode are represented
by Rsp, Rnr, and R
0
sp, respectively.
The uctuations in the average rates are included in (5.3a) and (5.3b)
through Fn(t) and Fp(t) which are the Langevin noise sources for carrier
and photon numbers, respectively. These noise sources are stationary and
ergodic, have zero means (<Fi(t)>= 0) and short correlation length [41].
Their correlation length is on the order of mean carrier scattering time (order
of 0.1 ps), therefore they can be considered delta correlated as
< Fi(t)Fj(t
0
) >= Fij(t  t0): (5.4)
Since the Langevin noise sources are representing a summation of many in-
dependent recombination and generation events, due to the central limit the-
orem, they are assumed to have Gaussian statistics. Their spectral densities
can be found using the Wiener-Khintchine theorem as
< Fi(!)Fj(!
0
)

>= 2Fij(!   !0): (5.5)
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The spectral and cross-spectral densities of the Langevin sources for NP 
1 are listed in Table 5.4 [40,41]. We have ignored the injection current's shot
noise which can be reduced below the shot noise limit by proper design of
the current driver [42].
We use the round trip phase condition equation to determine the time
domain evolution of the laser light's phase '. The round trip phase condition
for a Fabry-Perot laser is given as
r1 + r   2nek0L = 2m; (5.6)
where r1 and r are the phases of the mirror reectivities, ne is the real
part of the eective modal index ~n=ne+je , k0 is the angular wavenumber
at the lasing wavelength, L is the active cavity length, and m is an integer.
Taking the dierential of 5.6 and including the Langevin noise source we nd
_' =
1
0
dr   !l
ng
@ne
@N
dN + F'(t); (5.7)
where ng = ne+(@ne=@!)!l is the modal group index, 0 = c=(2Lng) is
the round trip time for the active part of the cavity, and dr1 = 0 for the
wavelength and intensity independent mirror of the cavity. The Langevin
noise for ' can be thought of as the phase noise added by spontaneous
emission into the waveguide mode as it propagates through the active part of
the cavity. The spectral density and cross-spectral densities for F'(t) are also
listed in Table 5.4. Its spectral density only depends on the photon number
and the rate of spontaneous emission into the lasing mode. Kazarinov and
Henry [16] showed that for a Fabry-Perot laser with mirror reectivities larger
Table 5.4: Spectral and cross-spectral densities of the Langevin noise
sources for semiconductor lasers.
Fpp = 2R0spNp
Fpn =  (2R0sp  G)Np
Fnn = Rsp +Rnr + (2R0sp  G)Np
F'' = R
0
sp
2Np
Fn' = Fp' = 0
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than 5%, R
0
sp can be found from gain as
R
0
sp = nspG; (5.8)
where nsp is the population inversion factor for semiconductor lasers and is
dened according to
nsp =
1
1  e ~!l EFkT
: (5.9)
EF is the quasi Fermi level separation. At typical injection levels of semi-
conductor lasers, nsp has a value between 1 and 2. The relation between
the gain and spontaneous emission rate into the lasing mode can either be
found using the Einstein relations or the quantum optical description of a
laser which attributes the spontaneous emission to vacuum uctuations [40].
Going back to (5.7), we have assumed the real part of the eective modal
index is a function of the number of carriers in the cavity. This is a result
of Kramers{Kronig relations between the real and imaginary parts of the
refractive index. The imaginary part of the active material's eective index
e , which is related to gain, changes with the carrier number. Considering
the relation between the real and imaginary parts of the index we nd out
that the real part should also change. The ratio between the change in the
real and imaginary parts of the active material's refractive index with carrier
numbers is dened as
 =  
@ne
@N
@e
@N
; (5.10)
and is called the linewidth enhancement factor. It was rst introduced by
Henry [17] and is sometimes referred to as the Henry  factor. The linewidth
enhancement factor is typically between 3 and 5 for quantum well active
regions. Using 's denition we can rewrite (5.7) as
_' =
1
0
dr +
1
2
GndN + F'(t); (5.11)
where Gn = @G=@N is the dierential gain.
Rate equations (5.3a) and (5.3b), and the phase evolution (5.11) can be
used to describe the dynamic eects in a semiconductor laser. Here, we are
mostly interested in the laser's stability, small signal amplitude modulation
and chirp response, frequency noise, and its linewidth. All of these char-
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acteristics involve small uctuations around a stationary point, and can be
described using the small signal dynamic model for the laser. To drive the
small signal model we assume small uctuations of carrier number, photon
number, and driving current from their stationary values as
Np = Np0 + np =  
R
0
sp
G0
+ np (5.12a)
N = N0 + n (5.12b)
I = I0 + i; (5.12c)
where subscript 0 is used to denote the stationary values of the quantities.
Let us start by linearizing the phase and amplitude of the reector, whose
reection is both wavelength and intensity dependent. We rst consider a
narrow-band signal with power amplitude envelope function ~s+1 (t) = s0(1 +
+1 (t))e
j+1 (t) reecting o of a wavelength dependent reector with reectiv-
ity r(!). The envelope of the reected signal can be found by taking the
inverse Fourier transform of the input signal's spectrum multiplied by r(!),
that is,
~s 1 (t) = F
 1 r(! + !l)~s+1 (!)	
 F 1

r +
@r
@!
!

~s+1 (!)

= r~s+1 (t)  j
@r
@!
_~s+1 (t)
= r~s+1 (t) + rs0

@r
@!
  j @lnjrj
@!

_+1 (t) + j
_+1 (t)

ej
+
1 (t)
 ~s+1 (t)jrj

1 +
@lnjrj
@!
_+1 (t) +
@r
@!
_+1 (t)

ej(r+
@r
@!
_+1 (t)  @lnjrj@! _+1 (t)):
(5.13)
We used the narrow-band property of the input signal and approximated the
reectivity of the mirror by the rst two terms in its Taylor series expansion.
Now, we notice that the power amplitude envelope of the input light to the
mirror has the same amplitude and phase uctuations as the laser's mode,
therefore we nd +1 = np=(2Np0) and 
+
1 = '. Using (5.13), we can express
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the change in the reection and phase of the reector as
dr =
@r
@!
_'  1
2Np0
@lnjrj
@!
_np +
@r
@np
np; (5.14a)
djrj = jrj

@lnjrj
@!
_'+
1
2Np0
@r
@!
_np

+
@jrj
@np
np: (5.14b)
The optical gain in a semiconductor depends on the carrier number. We
also consider the gain compression at high optical powers, and thus the gain
is also a function of the number of photons in the cavity. The total optical
loss in the cavity depends on the propagation (or intrinsic) loss `0 and the
mirror loss, and can be written as L = vg(`0  1L ln(jrjjr1j)). We linearize gain
and loss as
G = G0 + dG = G0 +Gnn Gpnp; (5.15a)
L = L0 + dL = L0   2
0jrjdjrj; (5.15b)
where Gp =  @G=@Np represents the gain compression.
Using the linearized expressions of the reector's amplitude and phase,
gain, and loss we linearize (5.3a), (5.3b) and (5.11) and nd the small signal
rate equations as
_n = (NpGp  G)np   (NpGn +Rn)n+ i
q
i+ Fn(t); (5.16a)
(1 + A) _np   2NpB _' =  
 
R
0
sp
Np
+NpGp   2B0
!
np +NpGnn+ Fp(t);
(5.16b)
(1 + A) _'+
B
2Np
_np =  A
0
Np
np +

2
Gnn+ F(t): (5.16c)
We have ignored @R
0
sp=@N compared to NpGn. For simplicity, the 0 sub-
scripts denoting the stationary values are dropped. We have dened Rn =
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Figure 5.3: A and B for a reective microring whose parameters are
presented in Table 5.3.
@(Rsp+Rnr)
@N
,
A =   1
0
@r
@!
; (5.17a)
B =
1
0
@ln(jrj)
@!
; (5.17b)
A
0
=   1
0
@r
@(np=Np)
; (5.17c)
B
0
=
1
0
@ln(jrj)
@(np=Np)
: (5.17d)
A and B are the normalized slopes of reector's phase and amplitude versus
wavelength, and A
0
and B
0
are the normalized slopes of the same quantities
versus intensity. Notice that the wavelength and intensity dependence of
the reector enters the small signal rate equations only through these four
parameters. We discussed A and B parameters in section 1.3.1 as they had
been introduced before in the study of linewidth reduction using passive
reectors [16]. We have plotted A and B as a function of wavelength in
Fig. 5.3 for a reective microring whose parameters are listed in Table 5.3.
For a reective microring which exhibits a self-heating eect, we can nd
A
0
and B
0
using its linearized model presented in (4.20). In the frequency
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domain, these quantities are found as
A
0
(!) =   1
0
=
(
!   j

(!   j

)2   2m
)
HT (!); (5.18a)
B
0
(!) =
1
0
<
(
!   j

(!   j

)2   2m
)
HT (!): (5.18b)
By taking the Fourier transform of the small signal rate equations in (5.16)
we get
j!n =  nnn  npnp + i
q
i+ Fn; (5.19a)
j!np = pnn  ppnp + Fp0 ; (5.19b)
2 = 'nn  'pnp + F'0 ; (5.19c)
where
nn = GnNp +Rn; np = G GpNp;
pn =
1+A+B
(1+A)2+B2
GnNp; pp =
(1+A)
(1+A)2+B2

R
0
sp
Np
+GpNp   2B0 + 2BA
0
1+A

;
'n =

(1+A) B
(1+A)2+B2

Gn
2
; 'p =
1
(1+A)Np

A
0   Bpp
2

:
(5.20)
We have also replaced ' with the frequency uctuation . Fp0 and F'0 are
linear combinations of Langevin noise sources dened as
Fp0 =
1
(1 + A)2 +B2
((1 + A)Fp + 2NpBF') ; (5.21a)
F'0 =
1
(1 + A)2 +B2

(1 + A)F'   B
2Np
Fp

: (5.21b)
The spectral and cross-spectral densities for these noise sources are listed in
Table 5.5. Notice that Fp0 and F'0 reduce to the original Langevin sources
when the laser's mirror reectivity is wavelength independent (i.e. A = B =
0).
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We solve (5.19a) and (5.19b) and obtain
n =

pp + j!
!2R
(
i
q
i+ Fn)  np
!2R
Fp0

H(!); (5.22a)
np =

nn + j!
!2R
Fp0 +
pn
!2R
(
i
q
i+ Fn)

H(!); (5.22b)
where
H(!) =
!2R
!2R   !2 + j!
(5.23)
is the laser's transfer function. !R and  are the relaxation oscillation fre-
quency and damping factor, respectively, and are given by
!2R = nppn + nnpp; (5.24a)
 = nn + pp: (5.24b)
We should mention here that since the !R and  are functions of A
0
(!)
and B
0
(!), they vary with ! and are not constants. However, if the intensity
dependence of the reector is only present at low frequencies (as in the case
of reective microrings), then the high frequency response of the laser will
not be aected by the frequency dependence of !R and .
5.3 Steady State Characteristics
The rate equations we derived in the previous section can also be used for the
calculation of steady state characteristics of a microring reector laser. If we
set the time derivatives and noise sources in (5.3a) and (5.3b) to zero, and
assume that the laser wavelength is detuned from the resonant wavelength of
Table 5.5: Spectral and cross-spectral densities of noise sources of the
modied rate equation.
Fp0p0 = 1(1+A)2+B2Fpp
Fp0n = (1+A)(1+A)2+B2Fpn
F'0'0 = 1(1+A)2+B2F''
Fn'0 =  B2Np((1+A)2+B2)Fpn
Fp0'0 = 0
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Figure 5.4: Simulated L-I curves for the example microring reector laser at
three laser wavelength detunings. The detuning values listed on the graph
are their values at the laser's threshold.
the microring reector by a given , we get two coupled nonlinear equations
that can be solved for nding the photon numbers at a given injection current
value. The laser output power from the cleaved facet can then be calculated
from the photon number. Such a procedure assumes that at each value of the
current injected into the gain contact, the phase contact current is adjusted
so that the laser wavelength is detuned by the given .
In a more practical scenario, the phase contact's current is kept xed and
the L-I data is collected as we change the gain contact's injection current.
We are more interested in analyzing the laser in this case. Let us assume that
for some xed phase contact's current, the laser wavelength's detuning from
the microring's resonant wavelength at the laser's threshold is . As we in-
crease the gain contact's current from its threshold value (Ith), the number of
photons in the cavity and the input power of the reective microring increase.
Due to the gain saturation eect, the number of carriers also increases. With
increasing input power to the microring, due to the self-heating eect, its
resonant wavelength red-shifts. Since the round trip phase shift has to be
satised in the laser, the laser's wavelength will drift to compensate for the
change in the reective microring's r and the change in ne which is caused
by change in N . The amount of the laser wavelength's shift to compensate
for these eects can be found using (5.11) with the Langevin noise source
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Table 5.6: Calculated laser parameters at I=20 mA injection current and
 = 10 pm detuning from microring resonant wavelength.
Parameter Symbol Value (unit)
Threshold current Ith 6.6 (mA)
Cleaved facet output power Pout 3.9 (mW)
Microring reectivity r2 19%
Active cavity round trip time 0 7 (ps)
Number of photons in the active cavity Np 1.3105
Number of carriers N 5.7107
Gain G 5.41011 (s 1)
Rate of spontaneous emission
in the lasing mode
R
0
sp 6.11011 (s 1)
Sum of spontaneous and
non-radiative rates
Rsp +Rnr 3.21016 (s 1)
Dierential gain Gn 7.7103 (s 1)
Dierential gain compression Gp 2.6104 (s 1)
Reectivity phase vs. frequency slope A 8.3
Reectivity amplitude vs.
frequency slope
B 6.0
Reectivity phase vs. input
power slope (at low frequencies)
A
0
1011
Reectivity amplitude vs. input
power slope (at low frequencies)
B
0
7.31010
set to zero. To nd the L-I curves for our example reective microring laser,
we used this procedure and solved the steady state rate equations coupled
to (5.11) iteratively. The results for three dierent laser detuning values are
plotted in Fig. 5.4. Only positive laser detuning is considered, since as we
will discuss in the next section, the negative detuning leads to the laser's
instability. For the curves shown, for I > Ith, the L-I relation is slightly
super linear. This is because as the laser power rises,  is reduced by a
small amount and that increases the microring's reectivity amplitude. To
get some idea about the typical values used in this chapter, the calculated
parameters for our example laser at =10 pm and I=20 mA are listed in
Table 5.6.
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5.4 Stability, Modulation Response and Frequency
Chirp
We can judge the stability of a laser by examining the poles of its small
signal response. According to (5.22a) and (5.22b), the poles of the laser
are the poles of H(!) and zeros of !R(!). The poles of H(!) are the high
frequency (i.e. GHz) poles and are stable if the high frequency value of !2R is
positive. On the other hand, the zeros of !R exist because of the self-heating
eect and are low frequency (i.e. MHz) poles.
The stability condition for the high frequency poles can be found by re-
quiring !2R(!) to be positive at large values of !. For a typical semiconductor
laser at high frequencies, nppn  ppnn, and therefore we can write
!2R = nppn + nnpp  nppn: (5.25)
According to (5.20), the right-hand side of (5.25) has the same sign as the
chirp reduction factor Fc which is dened as
Fc = 1 + A+ B: (5.26)
Therefore, the high frequency poles are stable if and only if Fc > 0. Figure 5.5
shows Fc for our example microring reector laser. We have also labeled the
detuning ranges corresponding to stable and unstable operation of the laser
on the gure. For typical values of  for quantum wells, most of the short
wavelength side of the reection peak is in the unstable region.
Stability of the low frequency poles can be considered using a similar
method. However, there is no simple analytical formula for zeros of !R(!)
and we have to use numerical methods for nding them. In the next section,
in the study of linewidth we will see the eect of these poles at high laser
powers.
Now let us consider the direct modulation of the laser. The intensity
modulation transfer function can be found using (5.22b) which relates the
photon number variation to the small signal current variations. We nd
Hm(!)  ioh
q
H(!): (5.27)
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Figure 5.5: Chirp reduction factor Fc as a function of wavelength. The laser
is stable at detuning values with positive Fc.
The amplitude of Hm(!) for the example microring laser at =10 pm and
I=20 mA is shown in Fig. 5.6. To see the eects of the reective microring,
a laser with a constant reectivity equal to that of the reective microring
(at its operating point) is also simulated. We will refer to such a laser as a
\normal laser". For comparison, in Fig. 5.6, we have plotted jHm(!)j for the
normal laser and a microring reector laser without self-heating eect. As
can be seen from these results, the wavelength dependence of the reective
microring decreases the laser's modulation bandwidth and self-heating does
not have a signicant eect on the intensity modulation response.
Similarly, the small signal chirp transfer function can be derived by relating
the laser's frequency variation to its drive current variation using (5.19c),
(5.22a) and (5.22b). We nd
Hc(!) =

i
=
i
2q!2R
('n(pp + j!)  'ppn)H(!): (5.28)
The amplitude of the chirp transfer function for the example microring
reector laser with and without self-heating, and the normal laser are de-
picted in Fig. 5.7. The low frequency chirp is reduced almost by a factor
of Fc = 27:3 by replacing the mirror of the normal laser with a reective
microring without self-heating. The self-heating eect increases the low fre-
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Figure 5.6: Amplitude of the intensity modulation transfer function for a
laser with constant mirror reectivity (normal laser) and the example
microring reector laser operating at =10 pm detuning and I=20 mA.
The result for a microring reector laser without self-heating eect is also
plotted for comparison. The two curves corresponding to the case with and
without self-heating eect exactly overlap.
Figure 5.7: Amplitude of the chirp transfer function for a laser with
constant mirror reectivity (normal laser) and the example microring
reector laser operating at =10 pm detuning and I=20 mA. The result
for a microring reector laser without self-heating eect is also plotted for
comparison.
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quency chirp because the laser wavelength drifts as the microring's resonant
wavelength moves due to heating. In most of the applications in which we are
concerned about frequency chirp, the laser's high frequency chirp response is
important which can be reduced by using the reective microring mirror.
5.5 Phase Noise and Linewidth
In this section, we will discuss the eects of the reective microring mirror
on the laser's noise spectra and linewidth. The spectral density of the carrier
number, photon number and frequency noise can be derived using (5.19a{c).
The results are given by
Sn =
 H!2R
2  2npFp0p0   2<fppgnpFp0n + jpp + j!j2Fnn ; (5.29a)
Sp =
 H!2R
2  (2nn + !2)Fp0p0 + 2nnpnFp0n + 2pnFnn ; (5.29b)
S =
1
42
 
2'nSn + j'pj2Sp + F'0'0   2pn<

H
!2R

Fn'0
  2'n<f'pWpng+ 2'n<

H
!2R
(pp + j!)

Fn'0
!
; (5.29c)
where Wpn is the cross-spectral density of n and np (i.e. < n(!)np(!
0) >=
2Wnp(!   !0)) and is found as
Wpn =
jHj2
!4R

  np(nn   j!)Fp0p0 +
 
(pp + j!)(nn   j!)  nppn
Fp0n
+ (pp + j!)pnFnn

: (5.30)
The carrier number, photon number, and frequency noise spectral densi-
ties for the example microring reector laser are plotted in Figs. 5.8, 5.9,
and 5.10, respectively. We have also shown the results for the normal laser
and a microring reector laser without self-heating eect. As can be found
from Figs. 5.8 and 5.9, the wavelength dependence of the reective micror-
ing reduces the carrier number and photon number noises in the laser and
self-heating does not have a signicant eect on these noises. The frequency
noise is reduced signicantly by using the reective microring as the laser
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Figure 5.8: Spectral density of carrier number noise for a laser with
constant mirror reectivity (normal laser) and the example microring
reector laser operating at =10 pm detuning and I=20 mA. The result
for a microring reector laser without self-heating eect is also plotted for
comparison. The two curves corresponding to the case with and without
self-heating eect exactly overlap.
Figure 5.9: Spectral density of photon number noise for a laser with
constant mirror reectivity (normal laser) and the example microring
reector laser operating at =10 pm detuning and I=20 mA. The result
for a microring reector laser without self-heating eect is also plotted for
comparison. The two curves corresponding to the case with and without
self-heating eect exactly overlap.
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Figure 5.10: Spectral density of frequency noise for a laser with constant
mirror reectivity (normal laser) and the example microring reector laser
operating at =10 pm detuning and I=20 mA. The result for a microring
reector laser without self-heating eect is also plotted for comparison.
mirror, but the self-heating eect can increase its low frequency components.
As we will see next, the low frequency value of the frequency noise is related
to the laser's linewidth.
The linewidth and lineshape of a laser can be found using the spectral
density of its frequency noise. Here, we present a derivation which follows
[43]. To calculate the power spectral density of a laser close to its lasing
wavelength, we calculate the autocorrelation function of the laser's output
eld and then take its Fourier transform (Wiener-Khintchine theorem). We
also ignore the laser's amplitude noise in this calculation since its eect on the
linewidth is negligible compared to the frequency noise's eect. The electric
eld of the laser's output is proportional to the lasing modes' amplitude, and
we can write
 () =< Eo(t)Eo(t  ) >/< ej'() > cos(!l) = e 1=2<'()2> cos(!l)
(5.31)
where '() = '(t)   '(t   ). The last equality is valid since '() is a
Gaussian process (remember that all the Langevin noise sources are assumed
to be Gaussian processes, and '() is related to them through a linear
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transformation). The spectral density of '() can be related to S through
S' = S'j1  e j! j2 = 42 2sinc2(!
2
)S : (5.32)
The variance of '() can be found from its spectral density as
< '()2 >=
1
2
Z +1
 1
S'd! = 2
2
Z +1
 1
sinc2(
!
2
)Sd!; (5.33)
and using (5.31) and (5.33) we obtain
 () / e 2
R+1
 1 sinc
2(!
2
)Sd! cos(!l): (5.34)
We numerically calculated the lineshape of the example microring reec-
tor laser with and without self-heating, and the normal laser by nding their
autocorrelation functions from (5.34) and taking their Fourier transforms.
The results are plotted in Fig. 5.11. As expected, the reective microring
reduces the laser linewidth signicantly. As we can see by comparing the
results for a microring reector laser with and without the self-heating ef-
fect, self-heating increases the linewidth but does not modify the lineshape
signicantly. The side peaks observed in the spectra shown in Fig. 5.11(a)
are due to the relaxation oscillations in the laser.
At low frequencies, the lineshape of a laser is Lorentzian. This can be seen
by calculating the asymptotic form of the integral in (5.34) for large  . Using
the sifting property of sinc2(!
2
) for large  , we nd
 () / e 22S(0) : (5.35)
The Fourier transform of  () in (5.35) is a Lorentzian with full width at
half maximum of  = 2S(0). We nd the linewidth for the normal laser
using (5.35), (5.29c), and (i.e. by setting A = B = A
0
= B
0
= 0) obtain
NL = (1 + 
2)
R
0
sp
4Np
; (5.36)
which is the well-known modied Schawlow-Townes relation multiplied by
the linewidth enhancement term for semiconductor lasers. Similarly, if we
ignore the self-heating eect (i.e. A
0
= B
0
= 0) in a microring reector laser,
85
Figure 5.11: (a) Laser lineshape for a constant mirror reectivity laser
(normal laser) and the example microring reector laser operating at
=10 pm detuning and I=20 mA. The result for a microring reector
laser without self-heating eect is also plotted for comparison. The two
curves corresponding to the case with and without self-heating eect exactly
overlap. (b) Expanded view of the same lineshapes at low frequencies.
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Figure 5.12: Linewidth of the example microring reector laser versus the
reciprocal of the laser's output power at three dierent wavelength
detunings. The dashed lines show the linewidth of a microring reector
laser without self-heating eect.
we nd
  NL
F 2c
: (5.37)
Using these equations for the microring reector laser without self-heating
eect with I=20 mA and =10 pm, we nd =5.3 kHz. For the normal
laser, we obtain =3.85 MHz. Also notice that the linewidth reduces as the
reciprocal of the photon number, or equivalently the laser's output power.
The linewidth of a microring reector laser exhibiting a self-heating eect
can also be obtained from (5.35). However, we were unable to nd a simple
analytical formula for this case. Figure 5.12 shows the linewidth of the exam-
ple microring reector laser versus the reciprocal of the laser's output power
for three dierent wavelength detunings. The linewidths for a similar laser
but without self-heating eect are also shown on the same gure (dashed
lines). When the output power of the laser is low, the linewidth increases
due to the self-heating eect by an amount that is almost proportional to the
linewidth but dierent for the dierent detunings. As we increase the power,
the linewidth of the laser with the self-heating eect reaches a minimum and
starts to rise rapidly. We attribute the rapid increase in the linewidth to the
low frequency poles of the laser which are getting closer to the j! axis. If
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we keep increasing the power, the poles move to the left side of this and the
laser becomes unstable. Also notice that the threshold of the instability due
to the low frequency poles depends on the laser wavelength detuning from
the microring's resonant wavelength.
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CHAPTER 6
LOW LOSS ACTIVE-PASSIVE
MONOLITHIC INTEGRATION
PLATFORM
6.1 Introduction
For the integration of the passive reective microring resonators with a gain
medium, an integration platform is required. In this chapter, we present
our progress on developing a monolithic integration platform for integrating
microrings and active materials.
For monolithic integration of active and passive photonic components on
the same chip, dierent platforms such as vertical twin guides [44], butt-
joint regrowth [45], selective area growth [46], oset quantum wells [47], and
quantum well intermixing [48] have been proposed and some have found
commercial applications. For integration of the reective resonant mirrors,
we need passive waveguides with very low propagation loss. The vertical
twin guides platform can be used for the implementation of low loss passive
components, but controlling the coupling between the active and passive
waveguides is dicult. Also in vertical twin guides and oset quantum wells
platforms, the connement factor is sacriced in the active sections. In the
oset quantum wells platform, the quantum wells are located in the top
cladding layer and interact with the evanescent tail of the mode in the top
cladding. Furthermore, we prefer to avoid the complexities associated with
the platforms that require epi-layer regrowth. The passive waveguide loss
in platforms relying on quantum well intermixing is also not low enough
for implementation of high Q resonators. Here, we present an integration
platform which, in some aspects, is similar to the vertical twin guides [44]
and oest quantum wells [47] platforms, but has a single waveguide in the
active section and its quantum wells are located inside the core region.
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Figure 6.1: (a) Epi-layer structure used in our monolithic integration
platform. (b) Epi-layer for the passive components.
6.2 Simulation and Design
The epi-layer used for the proposed integration platform is shown in the
Fig. 6.1(a). The quantum wells are located in the core region, but are o-
set from the core's center. There is an In0.5Ga0.5P etch stop layer under
the quantum wells. In the passive part of the structure, the epi-layers are
etched to this etch stop layer and the remaining part of the core consti-
tutes the core of the passive waveguide (Fig. 6.1(b)). The top 500 nm of the
lower Al0.8Ga0.2As cladding is undoped to reduce the loss caused by free car-
rier absorption and decrease the passive waveguide's propagation loss. The
thickness of the part of the core under the quantum wells is chosen to be
150 nm based on the design considerations for the passive waveguide. The
connement factor was calculated using
  = na
1
2
0
R
active
jEj2dS
P
; (6.1)
and is maximized by selecting a thickness of 95 nm for the top part of the core.
The maximized connement factor value is 7.1% for two 8 nm In0.2Ga0.8As
quantum wells. Figures 6.2(a) and (b) show illustrations of two semicon-
ductor lasers implemented using the proposed platform, with active ridge
waveguides and a passive DBR and a reective microring as their mirrors,
respectively. The ridge waveguides are etched to the rst In0.5Ga0.5P etch
stop layer shown in Fig. 6.1(a). The transition from the active to the passive
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Figure 6.2: Illustration of semiconductor lasers implemented on the
proposed integration platform. (a) A laser with a passive DBR reector
and (b) A microring reector laser.
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Figure 6.3: Simulated reection spectrum of a 470 m long DBR created by
modulating the waveguide width by 50 nm on each side.
waveguide is achieved using a multilayer in-plane adiabatic taper.
We designed DBRs and reective microrings using the passive waveguide
of our integration platform. For designing DBRs we found scattering pa-
rameters of one of its periods using FEM simulations. The transfer matrix
of one of the DBR's periods was calculated from its scattering matrix. The
transfer matrix of the entire DBR was obtained from the transfer matrix for
one period. Finally, the DBR reectivity was found by using the relations
between the scattering and transfer matrix parameters. The simulated re-
ectivity spectrum of a 470 m long DBR, which is realized by modulating
the passive waveguide's width by 50 nm on each side, is shown in Fig. 6.3.
For the design of the reective microrings, we used the methods presented
in sections 2.2 and 2.3. Half ring DBRs were designed with a 10 m inner
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Figure 6.4: Simulated values of coupling coecient between the microring
and bus waveguide plotted versus the minimum separation between them
for (a) straight, and (b) curved bus waveguides. The insets show schematic
diagrams of the simulated structures.
radius of the ring and 75 nm waveguide indentations on the inner side of
the microring. The coupling coecient between the microring and the bus
waveguide was calculated using the conventional coupled mode theory and is
plotted as a function of the gap between the bus waveguide and the microring
in Fig. 6.4(a). As can be seen from this gure, even for a 50 nm gap, the
coupling coecient is very small. To achieve a larger coupling coecient
which is required for reective microrings, we increased the interaction length
of the two waveguides by curving the bus waveguide around the microring
(as shown in the schematic diagram in the inset of Fig. 6.4(b)). By using
this technique, the coupling coecient was increased, and it is plotted in
Fig. 6.4(b).
6.3 Fabrication of Lasers with Passive Reectors
We designed a fabrication procedure and optimized several processing steps
such as photo-lithography and dry etching. The following outlines the fabri-
cation process:
 Sample cleaning
 Photo-lithography for pattern alignment marks
Metallic alignment marks are used instead of oxide alignment marks as
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they are required for e-beam, and they provide enhanced contrast for
ne photo-lithography alignment.
 Deposition of Ti/Au alignment marks and lifto
 Oxide (SiO2) deposition
Oxide is used as a hard mask for dry etch.
 Photo-lithography for dening laser ridges
 Dry etching of oxide mask
 Dry etching of GaAs/AlGaAs
 Oxide deposition
This oxide mask is used for wet etching of quantum wells.
 Photo-lithography for dening areas where quantum wells remain
 Dry etching oxide mask
 Wet etch to remove quantum wells
 Oxide deposition
This oxide mask is used as a mask for etching the e-beam mask.
 E-beam lithography for dening passive sections
 Dry etching of oxide mask
 Dry etching of GaAs/AlGaAs for dening passive structures
 Oxide deposition
This oxide is used as a top cladding for passive devices.
 Planarize using Benzocyclobutene (BCB)
 Etching back of BCB
 Photo-lithography to pattern top contact metals
 Top p-contact deposition and lifto
 Wet etch of GaAs cap to separate contacts
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Figure 6.5: Scanning electron micrographs of the adiabatic taper at dierent
steps of fabrication. (a) and (b) Taper sections of oxide masks used for dry
etching of the active ridges. (c) and (d) Two fully fabricated adiabatic
tapers with dierent taper lengths after the e-beam pattern etching step.
 Lapping and polishing
 Backside n-contact deposition
 n-contact annealing and alloying
 Cleaving to obtain laser facets
We fabricated semiconductor lasers with passive DBRs and microring reec-
tors using this fabrication procedure. Scanning electron microscope images
of the taper and the passive devices which were taken during the fabrication
process are presented in Figs. 6.5 and 6.6. We also have shown the SEM and
optical images of microring reector lasers in Fig. 6.7(a) and (b), respectively.
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Figure 6.6: Scanning electron micrographs of the reective devices. (a) and
(b) Tilted and top views of DBR waveguide after the e-beam pattern
etching step. (c) Reective microring, and (d) grating dened on its inside
before the planarization step.
95
Figure 6.7: (a) Scanning electron micrograph of the adiabatic taper and
passive reective microring before the planarization step. (b) Optical image
of a microring reector laser prior to planarization.
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6.4 Measurement Results and Discussion
To avoid the complications associated with the reective microrings, the
rst set of devices was designed and fabricated with linear DBR reectors.
After characterizing them, a second set was fabricated with mostly microring
reectors. The measured light versus current (L-I) curves, spectra at dierent
current levels, and a sample spectrum for two devices with 20 m tapers,
and 300 m and 1100 m long active sections are shown in Figs. 6.8 and 6.9,
respectively. To eliminate heating eects, the lasers were pumped with quasi-
CW pulses with 100 s periods and 6% duty cycles. Single mode operation
was observed for both of these devices, which conrms the reection from
the DBR mirror.
Similar characteristic curves were collected for two devices from the second
batch and are presented in Fig. 6.10 for a laser with a DBR reector, and
in 6.11 for a microring reector laser. These devices are pumped with quasi-
CW pulses with 100 s periods and 3% duty cycles. The active sections for
the DBR laser and the reective microring laser are 300 m and 1100 m
long, respectively. Both of the devices have 50 m long tapers. The reective
microring laser has a gradual increase of power near its threshold which is
probably due to the weak reectivity of the microring mirror. We attribute
this to overexposure in the e-beam lithography step. As can be seen from
the SEM image shown in Fig. 6.6(d), the grating indentation depth on the
inside of the ring is signicantly smaller than its design value of 75 nm. Also,
for the same reason, the measured gap between the microring and the bus
waveguide was 200 nm, which is much larger than its design value of 50 nm.
Calibration of the e-beam exposure dose is expected to solve these issues and
increase the microring's reectivity which will lead to better quality lasers.
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Figure 6.8: (a) The L-I curve for a laser with a 300 m active section, 20
m taper, and 470 m long DBR reector. (b) Optical spectra of the same
device as a function of the injection current. (c) Spectrum of the device
collected at 50 mA injection current.
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Figure 6.9: (a) The L-I curve for a laser with a 1100 m active section, 20
m taper, and 470 m long DBR reector. (b) Optical spectra of the same
device as a function of the injection current. (c) Spectrum of the device
collected at 110 mA injection current.
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Figure 6.10: (a) The L-I curve for a laser with a 300 m active section, 50
m taper, and 470 m long DBR reector. (b) Optical spectra of the same
device as a function of the injection current. (c) Spectrum of the device
collected at 35 mA injection current.
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Figure 6.11: (a) The L-I curve for a laser with a 1100 m active section, 50
m taper, and a microring reector. (b) Optical spectra of the same device
as a function of the injection current. (c) Spectrum of the device collected
at 35 mA injection current.
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CHAPTER 7
SINGLE WAVELENGTH INTEGRATED
RING LASER
7.1 Introduction
Up to this point in this dissertation, we studied selective mode coupling in
microring resonators for modifying the microring's reection spectrum. In
this chapter, we focus on selective coupling of the microring modes with the
main goal of engineering their quality factors. We present theory, design,
fabrication and characterization of microring lasers with gratings. Semicon-
ductor lasers with small footprints, low threshold currents and moderate out-
put powers are expected to have applications in photonic integrated circuits,
on-chip optical interconnects, and short distance optical communications.
Microdisk and microring lasers coupled to bus waveguides can be candidates
for such applications, but they suer from multimode operation and bistable
lasing of two degenerate counterpropagating lasing modes. Although the
bistable behavior can be useful in designing optical memory devices [5], it
is generally not a desirable characteristic for a laser source. Very low lasing
thresholds have been reported in optically pumped microdisk lasers with a
radius of a few microns [49], but the output power is very low. Achieving
practical output power requires that the radius of a microdisk or microring
laser should be in the tens of microns range. Such a laser cavity has closely
spaced cavity modes of dierent azimuthal order with very similar quality
factors, and operates in the multimode lasing regime.
Here we present a method to reduce the quality factors of all but one of
the microring resonant modes using a second order grating patterned on the
microring. A grating with azimuthal mode order M (spherical coordinates
 dependence of the form sin(M)) will scatter the light in the cavity mode
of azimuthal order m to radiation modes of azimuthal orders m + M and
jm M j. As we will see, radiation modes of small azimuthal orders can have
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Figure 7.1: A small permittivity perturbation to the microring resonator
can be replaced with its equivalent current density.
small quality factors, and therefore a second order grating (with M = m for
lasing mode of interest) reduces the quality factors of the cavity modes with
small jm M j values. The only exception happens for one of the degenerate
standing modes of azimuthal order m = M with its E eld shifted by 
4
with respect to the grating (cos(M)) dependence on ). For such a mode
the scattered radiation mode has zero amplitude, and therefore the mode's
quality factor is not aected by the grating. As a result, patterning a second
order grating on a microring or microdisk laser will reduce the quality factor
of all its modes except for one of the standing degenerate modes with the
same azimuthal order as the grating. Patterning a rst order grating on
microdisk has been reported in the past [50]. Such a grating is shown to
increase the radiation quality factor of microdisks with small diameters.
In section 7.2 we present a method for analyzing the radiation of a micror-
ing resonator when a small perturbation is added to it. Using this method we
can estimate the radiation loss of each mode of the microring in the presence
of an index perturbation. In section 7.2.3 we present simulation results of a
2D microring resonator with a second order grating. Design and fabrication
details are presented in section 7.3 and the measurement results are discussed
in section 7.4.
7.2 Analysis of Radiation from Microring Resonators
with Gratings using the Volume Current Method
To estimate the radiation loss modication caused by adding a grating to a
microring resonator, we consider the grating as a permittivity perturbation
to the plain microring resonator. We assume that the microring is pumped
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and the mode of interest at frequency ! has enough gain for lasing. The
electric and magnetic elds satisfy Maxwell's equations in the entire space
r E =  j!0H; (7.1a)
rH = j!0rE+ J; (7.1b)
where r is the relative permittivity of the plain microring and J is the
equivalent current density which is dened as
J = j!0(rp   r)E; (7.2)
and rp represent the permittivity of the perturbed microring (as shown in
Fig. 7.1). If we assume that the perturbation is small and that the elds for
the perturbed structure can be approximated with that of the unperturbed
structure, then the radiation from the perturbed resonator will be dominated
by the radiation of the equivalent current density. For the resonators of our
interest, the best way of determining the radiated elds is using the multipole
expansion which is discussed in section 7.2.1.
7.2.1 Multipole Expansion of Radiation from a Volume
Current Source
We assumed that the microring radiates in free space and the smallest sphere
that encloses the radiating currents has a radius of R. The coordinate system
is chosen in a way that the origin is the center of the microring and its z axis
is perpendicular to the plane of the microring. With this assumption, the
current is nonzero only over the region occupied by the perturbation, which is
enclosed by the virtual sphere. Outside of this sphere, elds are a solution to
the source free Maxwell's equation and can be expanded in terms of vectorial
spherical harmonics [51]
E=0
1X
n=1
nX
m= n
1p
n(n+ 1)
 j
k
anmr

h(2)n (kr)LY
m
n

+ bnmh
(2)
n (kr)LY
m
n

;
(7.3a)
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H =
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n=1
nX
m= n
1p
n(n+ 1)

anmh
(2)
n (kr)LY
m
n +
j
k
bnmr

h(2)n (kr)LY
m
n

;
(7.3b)
where h
(2)
n () is the spherical Hankel function of the second order, Ymn (; )
are the spherical harmonics
Ymn (; ) =
s
2n+ 1
4
(n m)!
(n+m)!
Pmn (cos )e
 jm; (7.4)
and L is a dierential operator dened as
L = jrr =  j
sin 
@
@
^ + j
@
@
^: (7.5)
The coecients anm and bnm in (7.3a) and (7.3b) are coecients of TMr and
TEr modes, respectively. These coecients can be found by projecting the
volume current density on an orthogonal vectorial set. If V represents the
volume of the virtual sphere that encloses the radiating currents, then (see
Appendix B)
anm =
Z
V
J Unmdv; (7.6a)
bnm =
Z
V
J Vnmdv; (7.6b)
where Unm and Vnm are given in (B.8a) and (B.8b) in the Appendix B. It
can be veried that Unm and Vn0m0 are mutually orthogonalZ
V
Unm Vn0m0dv = 0; (7.7a)
Z
V
Unm Un0m0dv = nn0mm0jjUnmjj2; (7.7b)Z
V
Vnm Vn0m0dv = nn0mm0jjVnmjj2; (7.7c)
where nm is Kronecker's delta function which is nonzero only when n = m
and in this case it is equal to 1. jjUnmjj and jjVnmjj are norms of Unm and
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Vnm, respectively. These norms are independent of m and are found as
jjUnmjj2 = k
2
Z kR
0
n(n+ 1)J2
n+ 1
2
(u) +

uJn  1
2
(u)  nJn+ 1
2
(u)
2
u
du; (7.8a)
jjVnmjj2 = k
4
(kR)2

J2
n+ 1
2
(kR)  Jn+ 3
2
(kR)Jn  1
2
(kR)

: (7.8b)
It should be noted that although Unm and Vnm constitute a set of mutu-
ally orthogonal vectorial functions, they do not form a complete set. Total
radiated power by the volume current density can be found using (7.3a)
and (7.3b) by integration of Poynting's vector
Pr =
0
2k2
1X
n=1
nX
m= n
janmj2 + jbnmj2 (7.9)
because of the orthogonality of the modes, the total radiated power is the
superposition of the power radiated by each individual mode. The volume
current density J can be written as the summation of two parts: its projection
on the space spanned by Unm and Vnm and a part which is orthogonal to
this space, that is
J =
1X
n=1
nX
m= n

anm
Unm
jjUnmjj2 + bnm
Vnm
jjVnmjj2

+ J0 (7.10)
=
1X
n=1
nX
m= n
(JTMnm + J
TE
nm) + J
0; (7.11)
where J0 is orthogonal to Unm and VnmZ
V
J0 
(
Unm
Vnm
)
dv = 0: (7.12)
J0 is the non-radiating part of the equivalent current density. The elds
generated by J0 vanish at any point outside the sphere volume V . The non-
radiating current density J0 excites neither TEr nor TMr modes outside of
the sphere. More discussion on non-radiating current densities can be found
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Figure 7.2: (a) Radiation resistance of multipole modes. Radiation
resistance for the TE and TM modes of the same polar order are almost
equal to each other. (b) Radiation resistance on a log scale. The radiation
resistance values drop fast for n > kR.
in [52]. From (7.10) and (7.12), the norm of J can be written asZ
V
jJj2dv =
1X
n=1
nX
m= n
(
janmj2
jjUnmjj2 +
jbnmj2
jjVnmjj2 ) +
Z
V
jJ0j2dv: (7.13)
Using (7.9) and (7.13), the radiated power of each mode can be related to
the norm of the component of the volume current density corresponding to
that mode as
PTE=TMrnm =
1
2
RTE=TMn 
Z
V
jJTE=TMnm j2dv (7.14)
where R
TE=TM
n is the radiation resistance of mode TEnm=TMnm and repre-
sents how much a mode can radiate. Radiation resistance depends only on
the polar order of the mode (n) and is independent of its azimuthal order (m).
The radiation resistance of multipole modes of a current distribution inside
a virtual sphere with radius R with kR=225 is shown in Fig. 7.2(a). The
same quantity is presented in semi-log scale in Fig. 7.2(b). As can be seen
from these gures the radiation quantity has a cut-o value around n = kR
and modes with n > kR radiate ineciently. The eld of a volume current
distribution with azimuthal order m can be expanded in terms of multipole
modes. Since for the multipole modes  n  m  n, only modes with n  m
will exist in the expansion. Therefore, a current density with large azimuthal
order (m large compared to kR) does not radiate eciently, while a current
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Figure 7.3: (a) Schematic of the simulated resonator. (b) Electric eld
distribution of the non-radiating resonance mode with the same azimuthal
order as the grating, and (c) Electric eld distribution of the radiating
resonance mode with the same azimuthal order.
density with small m can radiate signicantly.
7.2.2 Radiation from a Microring Resonator with a Second
Order Grating
For a microring resonator with a second order grating of azimuthal order
M (as in Fig. 7.3(a)), the permittivity perturbation has the same azimuthal
order as one of the modes of the microring. According to (7.2) the equiv-
alent current density J is proportional to the product of the electric eld
of the plain microring and the permittivity perturbation and therefore for
a sinusoidal perturbation it has azimuthal harmonics with orders m   M
and m +M . As we discussed in section 7.2.1, the m  M azimuthal order
component of the current density can radiate signicantly and therefore the
quality factor of microring modes are reduced. The only exception happens
for one of the standing resonant modes of azimuthal order m = M which
has its electric eld shifted by =4 compared to the rst harmonic of the
periodic permittivity distribution that denes the grating. For such mode,
the equivalent volume current density has zero amplitude for the harmonic
at m  M and therefore its radiation quality factor is not aected by the
grating.
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7.2.3 2D Simulation of Radiation from Microring Resonators
with Gratings
To conrm that adding a second order grating reduces the quality factors of
all modes of a microring resonator except for one, we performed a FEM sim-
ulation of a 2D version of the structure. Figure 7.3(a) shows the schematic
of the simulated device. The electric eld distribution for the non-radiating
and radiating modes of the microring are shown in Fig. 7.3(b) and (c) re-
spectively. To see the radiation more clearly, the log scale amplitudes of the
electric elds for a few modes close to the main mode are shown in Fig. 7.4.
As expected the radiation pattern shows a dominant azimuthal dependence
of order m = m M , and one of the modes with m = 0 radiates signi-
cantly less than others. It should be noted that for each nonzero value of m
there are two degenerate modes that dier only by a rotation. By nding
the quality factors of the resonant modes shown in Fig. 7.4 as a function of
the grating indentation depth, the radiation loss of each mode can be found.
The results are presented in Fig. 7.5. For the plain microrings (zero grating
indentation depth) all the modes have small radiation loss and the lasing
wavelength will be determined by the peak of the gain spectrum. As the
indentation depth increases, the radiation losses of all of the modes except
for the main mode increases signicantly. For 30 nm indentation depth the
radiation losses of all other modes are larger than 40 cm 1, which is enough
for single mode operation of the microring laser.
7.3 Design and Fabrication of SWIRL
We designed plain microring lasers and microring lasers with second order
gratings using the epi-layer structure shown in Fig. 7.6(a). The active layer
is a single 8 nm InGaAs quantum well (QW) in the middle of a 160 nm GaAs
core region. Top and bottom claddings are 500 nm and 1 m of Al0.8Ga0.2As,
respectively. The contact cap layer is 100 nm thick highly doped GaAs and
is grown on the top cladding layer. The waveguide width of 1.1 m, internal
microring radius of Rin=34.5 m, and etch depth of 650 nm were chosen to
minimize bending loss while avoiding etching through the QW and increasing
nonradiative surface recombination. The dependence of the bending loss
on the etch depth into the core is presented in Fig. 7.6(b). The grating
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Figure 7.4: Amplitude of the electric eld of dierent resonant modes of
dierent azimuthal orders at their corresponding resonant wavelengths.
m=m M represents the dierence between the azimuthal order of the
mode and that of the grating. At each nonzero integer value for the m
there are two degenerate modes, while the degeneracy of the two modes
with m=0 is lifted and they also have signicantly dierent quality
factors.
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Figure 7.5: Radiation loss of the modes presented in Fig. 7.4 as a function
of grating indentation depth.
Figure 7.6: (a) Epi-layer structure of used for fabrication of single
wavelength microring laser. (b) Dependence of the radiation quality factor
and bending loss on the etch depth into the core.
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Figure 7.7: (a) Schematics of the microring with a second order grating. (b)
Scanning electron micrograph of the oxide mask used for etching the device.
The inset shows a zoomed in view of the rectangular area around the top
part of the microring (region inside the small rectangle).
order and radiation quality factor of the microring were found using nite
element simulations explained in section 2.2. Electron beam lithography was
used for patterning the devices. Figures 7.7(a) and (b) show the schematics
of the device and a scanning electron micrograph of the patterned etching
mask. A second order sinusoidal grating with indentation depth of 400 nm
was patterned on the inner side of the microring waveguide. The 400 nm
indentation depth is larger than what we found in 2D simulation of previous
section because the waveguide width is larger for the fabricated 3D device.
The coupling gap between the microring and the bus waveguide was 50 nm.
To increase the coupling, close to the microring, the bus waveguide has the
same radius of curvature as the microring. The mask pattern was etched to
the GaAs/AlGaAs epitaxial layers using inductively coupled plasma reactive
ion etching. The etched surface was planarized and separate contact pads
were deposited for injecting currents into bus waveguides and microrings.
7.4 Measurement Results and Discussion
The devices were measured in quasi CW pulse mode with 2 s pulse width
and 10% duty cycle. One of the 450 m long bus waveguide sections on
one side the microring was pumped with 50 mA while the other one was
unpumped. The measured L-I curve for a device with grating order ofM=724
is shown in Fig. 7.8.
At low microring currents, the measured power is dominated by the spon-
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Figure 7.8: L-I curve of the device with grating order of M=724. The
spectrum of the device at injection current of 27.5 mA is shown in the inset
(blue curve). The inset also shows the spectrum of another device with
M=720 (red curve).
Figure 7.9: (a) Spectra of a microring laser without the grating, and (b)
Spectra of the device of a with M=724.
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taneous emission in the bus waveguide and is nonzero at zero bias current
of the microring. The spectrum of the device (lasing peak around 985 nm)
along with that of another device with M=720 at same injection current of
27.5 mA are shown in the inset of the gure. As expected the lasing wave-
lengths of the two devices are separated by four times the microring's free
spectral range. To demonstrate the eect of the second order grating, the
spectrum of a microring laser without the grating was measured at dierent
microring bias currents and is shown in Fig. 7.9(a). The measured spec-
tra of the device with M=724 is shown in Fig. 7.9(b) for comparison. All
other device parameters are the same between the two devices. As can be
seen from Fig. 7.9(a), the microring laser without the grating starts lasing in
the multimode regime while the one with the second order grating exhibits
a single mode lasing spectrum. The threshold current of the device with
the grating was slightly higher than the other device which might be due
to a small dierence in the sidewall roughness. Reduction of the threshold
current density (currently around 8 kA/cm2) is expected by optimizing the
fabrication process.
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CHAPTER 8
CONCLUSION
In this dissertation, we presented our work on device modeling, establishing
simulation methods, and developing fabrication processes for devices that op-
erate based on selective mode coupling in microring resonators. Particularly,
we developed a semi-analytical coupled mode formulation for analyzing the
coupling strength of two counterpropagating modes inside a curved waveg-
uide. Using this method, we designed narrowband reective microring res-
onators which are more than seventy times smaller than a conventional DBR
and have no side modes. Such a device can be used as a passive mirror for a
semiconductor laser. We also modeled thermal eects in reective resonators
and showed that the model agrees well with the experimental measurements.
Using the thermo-optical model we developed for reective microrings, we
studied the dynamic eects in microring reector lasers. We showed that
the reecting microring mirror can reduce the linewidth of a semiconductor
laser by three orders of magnitude, and lasers with a few kHz linewidth are
achievable. We also found operating regions for the laser's stable operation
and concluded that the self-heating eect increases the laser's low frequency
phase noise and linewidth, and can cause instability at high laser powers.
To implement microring reector lasers, we developed an integration plat-
form with low loss passive sections. By fabricating lasers with passive DBR
reectors, we showed the potential of the integration technique. We also
fabricated microring reector lasers, but due to fabrication issues, the reec-
tions from the microrings were weaker than expected. Improvement of the
fabrication process might improve the microring reector lasers.
Usually a single mode laser is realized by engineering its mirror loss as in
a DBR laser, or its group velocity as is done in a DFB laser. Instead, we pre-
sented a novel approach for making single mode lasers by engineering their
radiation quality factor. By adding a second order grating, we increased
the radiation loss of all microring modes except for one. We theoretically
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studied this phenomenon and presented some experimental results support-
ing the theoretical predictions. Practical low-threshold, single mode lasers
working based on this idea seem viable provided the fabrication process can
be improved.
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APPENDIX A
DERIVATION OF THE COUPLING
EQUATIONS
In this appendix we derive (2.16) and the coupling equations (2.21). Assume
(E
(0)
n ;H
(0)
n ) and (E
(0)
m ;H
(0)
m ) are two degenerate modes of the unperturbed
resonator structure at frequency s0. Plugging these two elds into (2.14) we
obtain the following identityZ
0+
(H(0)n  E(0)m

+H(0)m
  E(0)n )  ^dS
 
Z
0
(H(0)n  E(0)m

+H(0)m
  E(0)n )  ^dS
+
Z
 
(H(0)n  E(0)m

+H(0)m
  E(0)n )  n^dS 0
=  20
Z
V
(0r0E
(0)
n  E(0)m

+ 0H
(0)
n H(0)m

)dV
  2js0
Z
V
0Imfr0gE(0)n  E(0)m

dV: (A.1)
If we replace (E(s);H(s)) in (2.14) by approximate elds given in (2.15)
and (E(0);H(0)) by (E
(0)
m;H
(0)
m), let  go to zero, and use (A.1), we get
dc()
d
= sg
!0
c(); (A.2)
where g is dened in (2.17). The solution of this rst order equation is in
the form of c() = Ae
sg
!0

, and we take A = 1 for simplicity. Therefore
(2.16) follows. Similarly, replacing (E;H) in (2.13) by the linear combination
given in (2.19) and (E(0);H(0)) by (E
(0)
m ;H
(0)
m ), and dividing both sides of
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equation by , we obtain
X
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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+
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
Z
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bi()0rE
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i E(0)m
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#
: (A.3)
In the limit of   0, bi() in the integrand of the integrals above can be
replaced by bi(0) and can be taken out of the integrals. According to (2.14),
the last three terms on the left-hand side of (A.3) and the rst two terms on
its right-hand side are equal. Canceling these terms and using (2.16) we nd
db+
d
e
 sg
!0

Z
0
(H(0)m  E(0)n

+H(0)n
  E(0)m )  ^dS
+
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d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s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!0

Z
0
(H
(0)
 m  E(0)n

+H(0)n
  E(0) m)  ^dS
= sb+e
 sg
!0

Z
0
0rE
(0)
m  E(0)n

rdS
+ sb e
sg
!0

Z
0
0rE
(0)
 m  E(0)n

rdS: (A.4)
Here, we have also used the relation dV = rddS to convert the volume
integrals to surface integrals.
The electric and magnetic elds of the two degenerate natural modes of
a rotationally symmetric resonator with ejm dependence on  are related
to each other. By plugging in directly to the cylindrical coordinates form
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of Maxwell's equations given in (2.9), we see that if (E
(0)
m ;H
(0)
m )= (E
(0)
mt +
E
(0)
m ;H
(0)
mt +H
(0)
m) satisfy the equations then (E
0
;H
0
)=(E
(0)
mt   E(0)m ; H(0)mt +
H
(0)
m)e
2jm also satisfy those equations. Therefore, (E
0
;H
0
) represent elds
of a mode of the resonator. Since (E
(0)
m ;H
(0)
m ) have e jm dependence on ,
(E
0
;H
0
) have ejm dependence, so with a choice of a constant factor A we
can write
E
(0)
 m = AE
0
= A(E(0)mt   E(0)m)e2jm; (A.5a)
H
(0)
 m = AH
0
= A( H(0)mt +H(0)m)e2jm: (A.5b)
A is a constant that can be selected arbitrarily, but its selection aects both
our denition for (E
(0)
 m;H
(0)
 m) and the coecient of the total eld a . For
simplicity, we take A = 1.
Setting n = m in (A.4) leads to two equations. By using (A.5) and the
denition of a() = e
sg
!0

b(), we obtain
  4 sg
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a+ +
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  2j   s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 Imf
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2j
 sg
!0
a+ +
da+
d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e 2jm0Imf
Z
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We have used the normalization relation (2.18) in derivation of (A.6). Den-
ing s, m, and  by (2.23) to (2.25) and solving (A.6a) and (A.6b) for
da
d
,
we obtain (2.21).
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APPENDIX B
SPHERICAL HARMONICS
COEFFICIENTS OF THE FIELD OF A
VOLUME CURRENT DENSITY
Coecients of eld expansion in terms of vectorial spherical harmonics can
be found from volume current and charge density as [51]
anm =
jk2p
n(n+ 1)
Z
V
Ymn


c
@
@r
(rjn(kr))  jk(r  J)jn(kr)

dv; (B.1a)
bnm =
jk2p
n(n+ 1)
Z
V
Ymn
r  (r J)jn(kr)dv; (B.1b)
where c is the speed of light in vacuum and  is the volume charge density
related to current density by the continuity equation
 =
j
!
r  J: (B.2)
By substituting  from (B.2) into (B.1a), the rst term in the right-hand side
of (B.1a) can be written asZ
V
Ymn
 @
@r
(rjn(kr))r  Jdv =
Z
@V
Ymn
 @
@r
(rjn(kr))J  n^ds
 
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V
r

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
 Jdv =  
Z
V
r
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(rjn(kr))

 Jdv:
(B.3)
The surface in (B.3) integral is zero because J is assumed to be enclosed by
the volume V. The right-hand side of (B.1b) can be simplied asZ
V
Ymn
r  (r J)jn(kr)dv =
Z
@V
Ymn
jn(kr)r J  n^ds
 
Z
V
r (Ymn jn(kr))  (r J)dv =  
Z
V
(r (Ymn jn(kr)) r)  Jdv; (B.4)
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and with a similar reasoning, the surface integral is zero. Using (B.3) and (B.4)
we can rewrite (B.1a) and (B.1b) as
anm =
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 Jdv; (B.5a)
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Z
V
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By using the following identities
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r (Ymn jn(kr)) r =jn(kr)rYmn   r (B.6b)
(B.5a) and (B.5b) can be further simplied as
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(B.7a) and (B.7b) become
anm =
Z
V
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Z
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J Vnmdv: (B.9b)
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